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Chapter 1

Monte-Carlo Methods for Options

Monte-Carlo methods are extensively used in financial institutions to compute European op-
tions prices, to evaluate sensitivities of portfolios to various parameters and to compute risk
measurements.

Let us describe the principle of the Monte-Carlo methods on an elementary example. Let

f(x)dx,

[0,1)4

where f(-) is a bounded measurable real valued function. Represent I as E(f(U)), where U
is a uniformly distributed random variable on [0, 1]¢. By the Strong Law of Large Numbers, if
(U;,i > 1) is a family of uniformly distributed independent random variables on [0, 1]¢, then the
average

1 n
Sn==3 f(U) (1.1)
i=1

converges to E(f(U)) almost surely when n tends to infinity. This suggests a very simple algo-
rithm to approximate /: call a random number generator n times and compute the average (1.1).
Observe that the method converges for any integrable function on [0,1]% : f is not necessarily a
smooth function.

In order to efficiently use the above Monte-Carlo method, we need to know its rate of con-
vergence and to determine when it is more efficient than deterministic algorithms. The Central
Limit Theorem provides the asymptotic distribution of 1/n(S, —I') when n tends to +oc. Various
refinements of the Central Limit Theorem, such as Berry-Essen and Bikelis theorems, provide
non asymptotic estimates.

The preceding consideration shows that the convergence rate of a Monte Carlo method is
rather slow (1/4/n). Moreover, the approximation error is random and may take large values
even if n is large (however, the probability of such an event tends to O when 7 tends to infinity).
Nevertheless, the Monte-Carlo methods are useful in practice. For instance, consider an integral
in a hypercube [0, 1]%, with d large (d = 40, e.g.). It is clear that the quadrature methods require
too many points (the number of points increases exponentially with the dimension of the space).
Low discrepancy sequences are efficient for moderate value of d but this efficiency decreases
drastically when d becomes large (the discrepancy behaves like C(d)@ where the constant
C(d) may be extremely large.). A Monte-Carlo method does not have such disadvantages :
it requires the simulation of independent random vectors (Xp,...,X;), whose coordinates are

independent. Thus, compared to the computation of the one-dimensional situation, the number
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2 CHAPTER 1. MONTE-CARLO METHODS FOR OPTIONS

of trials is multiplied by d only and therefore the method remains tractable even when d is
large. In addition, another advantage of the Monte-Carlo methods is their parallel nature: each
processor of a parallel computer can be assigned the task of making a random trial.

To summarize the preceding discussion : probabilistic algorithms are used in situations
where the deterministic methods are unefficient, especially when the dimension of the state
space is very large. Obviously, the approximation error is random and the rate of convergence
is slow, but in these cases it is still the best method known.

1.1 On the convergence rate of Monte-Carlo methods

In this section we present results which justify the use of Monte-Carlo methods and help to
choose the appropriate number of simulations n of a Monte-Carlo method in terms of the desired
accuracy and the confidence interval on the accuracy.

Theorem 1.1.1 (Strong Law of Large Numbers). Let (X;,i > 1) be a sequence of independent
identically distributed random variables such that E(|X,|) < +oo. Then one has :

1
lim —(X1 +--- -I-Xn) = ]E(Xl) a.s.

n—+oop

Remark 1.1.1. The random variable X; needs to be integrable. Therefore the Strong Law

of Large Numbers does not apply when X is Cauchy distributed, that is when its density is
1

n(1+x2) )

Convergence rate We now seek estimates on the error

1
X1+ +X,).

n

& =E(X)

The Central Limit Theorem precises the asymptotic distribution of \/ng,,.

Theorem 1.1.2 (Central Limit Theorem). Let (X;,i > 1) be a sequence of independent identi-
cally distributed random variables such that E(Xlz) < +oo. Let 0 denote the standard deviation
of X1, that is

o = \/E(X2) ~E(X)? = \/E((X; —E(X))?).
(\/ﬁ

?8,,) converges in distribution to G,

When ¢ > 0,

where G is a Gaussian random variable with mean 0 and variance 1.

Note that when ¢ = 0, then P(g, =0) = 1.

Remark 1.1.2. Let us suppose that ¢ > 0. By definition of the convergence in distribution, for
each continuous and bounded function f: R — R, E[f (%ﬁe‘n)] converges to E[f(G)] as n — oo.
This convergence extends to bounded measurable functions f such that P(G € %) = 0, where
P denotes the set of points where f is not continuous. It follows that for all c¢; < ¢,

li IP(G <g <2 ) /Cz —g dx
1im —=C —=C = e .
n—s—+oo Vn I=fn= Vn 2 el V2




1.1. ON THE CONVERGENCE RATE OF MONTE-CARLO METHODS 3

In practice, one applies the following approximate rule, for n large enough, the law of &, is close
to the Gaussian law with mean 0 and variance 62 /n.

Note that it is impossible to bound the error, since the support of any (non degenerate) Gaus-
sian random variable is R. Nevertheless the preceding rule allow one to define a confidence
interval : for instance, observe that

P (|G| < 1.96) ~ 0.95.

Therefore, with a probability closed to 0.95, for n is large enough, one has :

c
l€q| < 1.96—.

Vn
How to estimate the variance The previous result shows that it is crucial to estimate the
standard deviation o of the random variable. It is easy to do this by using the same samples as
for the expectation. Let X be a square integrable (i.e. such that E(X 12) < o) random variable

and (Xi,...,X,) a sample drawn along the law of X. We will denote by X, the Monte-Carlo
estimator of E(X) given by
n

A standard estimator for the variance is given by

1 & _

—1 Z (Xi —

i=1

52 is often called the empirical variance of the sample. Note that 6 can be rewritten as

2 n
X;
n—1~1 Z’ n—

On this last formula, it is obvious that X, and 67 can be computed using only Y X and
leXiZ. Since

1

3

2
G, =

E(Xf) n—1

D T E )2,

E(an 12 ZEXX) lzi X2 +_ Z E(X
n i n=.=4 1<j<i<n
2D L ) ) = ) () = .

n

() = 5 (B0 -

n—1 n n

and the estimator 6 is unbiased. Moreover, the Strong Law of Large numbers implies that
limy,—s 4o ( Y X2, X,) = (E(X?),E(X1)) as. so that, since limy—, 4o -7 = 1, limy 40 67 =
o2, almost surely. ThlS leads to an (approximate) confidence interval by replacing ¢ par 6, in
the standard confidence interval. With a probability near of 0.95, [E (X) belongs to the (random)
interval given by

_ 1.966, - 1.966,
X, — X, )
[” N }

In fact, when o > 0, \/ﬁg—” ==X \[8” with the first factor converging a.s. to 1 and the second

'[

one converging in law to a centred Gaus51an random variable G with variance 1 as n — o. By
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G \/nEn

G’ ©
converges in law to (1,G) as n — oo. Since the convergence in law is transferred through

o \/ng,
On X5

Slutsky’s theorem which applies since the limit of the first factor is deterministic, (

continuous functions and the product is continuous from R? to R, \/ﬁ% =
inlawto 1 x G = G.

\/ﬁfy—" converges in law to G. So that

converges

lim P

n—oo

<EX) <X,
N (X) <X, + 7
So, with very little additional computations, (we only have to compute G;,, on a sample already
drawn) we can give an reasonable estimate of the error done by approximating E(X) with X,,.
The possibility to give an error estimate with a small numerical cost, is a very useful feature of
Monte-Carlo methods.

1965 1.966
(Xn— 966, 966"):P(|G|§1.96):O.95.

1.2 Simulation methods of classical laws

The aim of this section is to give a short introduction to sampling methods used in finance. Our
aim is not to be exhaustive on this broad subject (for this we refer to, e.g., [Devroye(1986)])
but to describe methods needed for the simulation of random variables widely used in finance.
Thus we concentrate on Gaussian random variables and Gaussian vectors.

1.2.1 Simulation of the uniform law

In this subsection we present basic algorithms producing sequences of “pseudo random num-
bers”, whose statistical properties mimic those of sequences of independent and identically
uniformly distributed random variables. For a recent survey on random generators see, for
instance, [L"Ecuyer(1990)] and for mathematical treatment of these problems, see Niederre-
iter [Niederreiter(1995)] and the references therein. To generate a deterministic sequence which
“looks like” independent random variables uniformly distributed on [0, 1], the simplest (and the
most widely used) methods are congruential methods. They are defined through four integers a,
b, m and yq. The integer yy is the seed of the generator, m is the order of the congruence, a is the
multiplicative term. A pseudo random sequence is obtained by setting (u, = ”—H)neN where

m
the sequence (y;,),en evolves starting from yg according to the following inductive formula:

yn = (ayp—1 +b) (mod. m)

In practice, the seed is set to yg at the beginning of a program and must never be changed inside
the program.

Observe that a pseudo random number generator consists of a completely deterministic al-
gorithm. Such an algorithm produces sequences which statistically behaves (almost) like se-
quences of independent and identically uniformly distributed random variables. There is no
theoretical criterion which ensures that a pseudo random number generator is statistically ac-
ceptable. Such a property is established on the basis of empirical tests. For example, one builds
a sample from successive calls to the generator, and one then applies the Chi—square test or the
Kolmogorov—Smirnov test in order to test whether one can reasonably accept the hypothesis
that the sample results from independent and uniformly distributed random variables. A gener-
ator is good when no severe test has rejected that hypothesis. Good choice for a, b, m are given
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in [L’Ecuyer(1990)] and [Knuth(1998)]. The reader is also refered to the following web site en-
tirely devoted to Monte-Carlo simulation : http://random.mat.sbg.ac.at/links/.

1.2.2 Simulation of some common laws

We now explain the basic methods used to simulate laws in financial models.

Using the cumulative distribution function in simulation The simplest method of simula-
tion relies on the use of the quantile function. The cumulative distribution function and quantile
function of a real random variable X are respectively given by

Vx€R, F(x) =P(X <x)and VYu € (0,1), F ' (u) =inf{x € R: F(x) > u}.

When the cumulative distribution function F is continuous and increasing (which holds when
X admits a density with respect to the Lebesgue measure which is a.e. positive under this
measure), then it is invertible with inverse F~!. In general, the quantile function F~! is the
left-continuous pseudo-inverse of the cumulative distribution function F'. Note that

Vue (0,1), Vx R, F 1 (u) <x < u < F(x). (1.2)

Indeed, by definition of F~1, u < F(x) = F~!(u) < x. Conversely, if F~1(u) < x, then since F
is non-decreasing, F(F~!(u)) < F(x). One easily concludes since, by right-continuity of F at
F~!(u) and definition of F~'(u), u < F(F~(u)).

Proposition 1.2.1. Let U be a random variable uniformly distributed on [0,1] . Then F~1(U)
has the same law as X.

Proof. Forx € R, by (1.2), {F~'(U) <x} = {U < F(x)} so that, since F (x) € [0,1],
P(F'(U)<x)=PU < F(x)) = F(x).

So F~!(U) and X have the same cumulative distribution function and, hence, the same law. [

Simulation according to an exponential law The preceding proposition applies to the sim-
ulation of an exponential law of parameter A > 0, whose density is given by

Aexp(—Ax)1g, (x).

In this case, a simple computation leads to F(x) = (1 —e™**)1g, (x), so the equation F(x) = u
can be solved as x = —%ln(l —u). If U is uniformly distributed on [0, 1], then —}Tln(l -U)

follows the exponential law with parameter A and so does —% In(U) since 1 — U has the same
distribution as U.

Simulation according to a Cauchy distribution The density of the Cauchy distribution with

parameter a > 0 is m so that the associated cumulative distribution function and quantile

functions are F(x) = L arctan(2) + 3 and F~!(u) = atan(m(u — 3)). Hence, when U is uni-

formly distributed on [0, 1], atan(mw(U — %)) follows the Cauchy distribution with parameter a

and so does atan(zU) since 7(U — %) and U are respectively uniformly distributed on [ 7, 7]

and [0, 7r] and the function tan is periodic with period 7.
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Remark 1.2.2. This method can also be used to sample Gaussian random variables. Of course
neither the distribution function nor its inverse are exactly known but some rather good poly-
nomial approximations can be found, e.g. , in [Abramovitz and Stegun(1970)]. This method is
numerically more complex than Box-Muller method (see below) but can be used when using
low discrepancy sequences to sample Gaussian random variables.

Conditional simulation using the distribution function In stratification methods, described
later in this chapter, it is necessary to sample real random variable X, given that this random
variable belongs to a given interval |a,b]. This can be easily done by using the distribution
function. Let U be a random variable uniform on [0, 1], F be the distribution function of X,
F(x) =P(X <x) and F~! be its inverse. When 0 < P(X €]a,b|) = F(b) — F(a), The law of ¥
defined by

Y =F ' (F(a)+ (F(b) - F(a))U),

is equal to the conditional law of X given that X €|a,b]. This can be easily proved by checking
that the distribution function of Y is equal to the one of X knowing that X €)a,b|. Indeed, for
y €la, b],

Gaussian Law The Gaussian law with mean 0 and variance 1 on R is the law with the density
given by

The most widely used simulation method of a Gaussian law is the Box-Muller method. This
method is based upon the following result.

Proposition 1.2.3. Let U, and U, be two independent random variables which are uniformly
distributed on [0,1]. Let X and Y be defined by

X = /=2InU cos(2nl},),
Y = /=2InUsin(27U>).

Then X and Y are two independent Gaussian random variables with mean 0 and variance 1.
Proof. We now that R = \/—21InU; follows the exponential distribution with parameter % and

is independent from ® = 27U, which is uniformly distributed on [0,27]. Thus for ¢ : R — R
measurable and bounded,

| e g2 :
E[p(X,Y)] = E[p(vVRcos ©,vRsin®)] :E/o /O(p(\/?cose,\/;sine)e_2d0dr.
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We perform the change of variables (x,y) = (y/7cos 8,+/rsin @) which is a C' diffeomorphism
from (0, +o0) x (0,27) to R?\ R, x {0} with Jacobian matrix

D cosb . /rsin@ 20 4sin20 1
(x,y) = ( 2vr having determinant cos o+ s o =—.

821?/2 \/rcos 0 2 2

Also using that r = x*> +y?, we conclude that

x2 +y2

Blo(x.)) = o [ oluye " dudy

]

Of course, the method can be used to simulate N independent realizations of the same real
Gaussian law. The simulation of the two first realizations is performed by calling a random
number generator twice and by computing X and Y as above. Then the generator is called two
other times to compute the corresponding two new values of X and Y, which provides two new
realizations which are independent and mutually independent of the two first realizations, and
SO on.

Simulation of a Gaussian vector To simulate a Gaussian vector

with zero mean and with a d x d covariance matrix C = (c¢;j,1 < i,j < n) with ¢;; = E(X'X/)
one can proceed as follows.

The covariance matrix C € R?*¢ is symmetric positive semi-definite (since, for each v € R¢,
v.Cv=E ((v.X )2) > 0). Standard results of linear algebra prove that there exists a d X d matrix
A, called a square root of C such that

AA* =C,

where A* is the transposed matrix of A = (a;;,1 <i,j <n).

Moreover one can compute a square root of a given positive definite symmetric matrix by
specifying that a;; = 0 for i < j (i.e. A is a lower triangular matrix). Then one has

inj

Cij = Zaikajk~
k=1

When the diagonal coefficients of A are chosen non-negative, A is uniquely obtained by
computing its first column

air = y/C1l
For2 <i<d
) Cil
aj = 5
ahy
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and then for j increasing from 2 to d, knowing the j — 1 first columns, the j-th column is
obtained by

j—1
ajj = p | Y @ (1.3)

k=1

j—1

Cij— a;a;

forl<j<i<d, aj = 4 Ek=i9dit (1.4)

ajj

forl1 <i<j, aj; := 0.

This way of computing a square root of a positive symmetric matrix is known as the Cholevsky
algorithm.

Now, if we assume that G = (G',...,G?) is a vector of independent Gaussian random vari-
ables with mean O and variance 1 (which are easy to sample as we have already seen), one
can check that Y = AG is a Gaussian vector with mean 0 et with covariance matrix given by
AA* = C. As X etY are two Gaussian vectors with the same mean and covariance matrix, the
law of X and Y are the same. This leads to the following simulation algorithm.

Simulate the vector (G',...,G?) of independent Gaussian variables as explained
above. Then return the vector X = AG.

Note that it is not clear that c;; — ):,j;i a?k > 0 so that the square-root in (1.3) and the ratio in

(1.4) are well defined. This is ensured by the existence for any C € R*? symmetric positive
definite of a lower triangular matrix A with positive diagonal coefficients such that AA* = C,
which can be proved by induction on the dimension d. In the same time, we will check the
existence of a lower triangular matrix A such that AA* = C for any C € R?*¢ symmetric positive
semi-definite.

In dimension d = 1, both existence results are clear. Let us check that, in the posi-
tive semi-definite case, existence in dimension d implies existence in dimension d + 1. Let
C e RUTDX(@+1) pe symmetric positive semi-definite and C € R¥*¢ b € R? and o € R be

~ o b*
defined by C = ( b C > One has

V(x,y) € RxR? 0 < fxy) == (x,y)C ( ; ) = o’ +2(b*y)x+y"Cy.

In particular, &¢ > 0 (choice y = 0) and the symmetric matrix C is positive semi-definite (choice
x=0).

When o = 0, then the non-negativity of R > x — f(x,b) = 2x|b|> +b*Cb implies that b = 0
the nul vector in R?. Let A € R?*? denote a lower-triangular matrix such that AA* = C. The

matrix A = ( 8 ?4 ) e RE+D*(d+1) i5 Jower-triangular and such that € = AA*,

When o > 0, then for y € R¢, the non-negativity of the quadratic function R 3 x —
f(x,y) = ox? +2(b*y)x + y*Cy = (x,y*)C ( ; ) implies non-positivity of its discriminant

A = 4(b*y)? —4ay*Cy so that y* (C—1bb*)y > 0. We deduce that the Schur complement
C— ébb* is positive semi-definite. By the induction hypothesis, there exists a lower-triangular
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1
\/_&bA

~ o 0
matrix A € R4 such that AA* = C — Lbb*. The matrix A = ( Ve ) e R@+)x(d+1) g
lower-triangular and such that AA* = C.
When C is positive definite then o > 0 and for y # 0, R > x — f(x,y) is a positive function so
that the Schur complement C — ébb* is positive definite. Therefore existence in dimension d

also implies existence in dimension d + 1 in the positive definite case.

Discrete law Consider a random variable X taking values in a countable set {x;,k € N}. The
value xy, is taken with probability py. To simulate the law of X, one simulates a random variable
U uniform on [0, 1]. If the value u of the trial satisfies

k—1 k
Z pj<u< Z Djs
j=0 j=0

one decides to return the value x;. Clearly the random variable obtained by using this procedure
follows the same law as X.

Some specific techniques are preferred for the usual distributions on N.

Binomial law with parameter (n,p) € N* x [0,1] If (U;)<;<, are independent and uniformly
distributed on [0, 1] then the random variables 1y,<,,) are independent Bernoulli random vari-
ables with parameter p so that their sum Y% 1;,<,) is distributed according to the binomial
law with parameter (1, p).

Geometric distribution with parameter p € (0,1] Let for x € R, [x] denote the integer such
that [x] — 1 <x < [x] and X be distributed according to the exponential law with parameter
A > 0. Then for n € N*

P([X] =n) =P(n—1<X < n) :/n Ao Moy = A1) (] _ ).
n—1

Thus [X ] is distributed according to the geometric law with parameter p when 1 — e~
A = —1In(1— p). With the simulation of the exponential law, we conclude that so does |

=pie.
InU ‘I
In(1-p)

when U is uniformly distributed on [0, 1].

Poisson distribution with parameter 6 >0 If (U;);> are i.i.d. according to the uniform law
on [0, 1], then

n+1

v :=inf neN:I_IUl-<e*'9 .

i=1
is distributed according to the Poisson random distribution with parameter 6. Indeed, P(v =
0)=PUi<e?) =e".

And for n € N*, we have

P(v=n)=P (ﬁUi >e? >ﬁUi) =P (i
i=1 i=1
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Since the random variables —% In(Uj;) are i.i.d. according to the exponential distribution with
parameter 9 for k € N*, Zk 7an" follows the gamma distribution with parameter (k, ) and
densr[y ( ) 1{x>0} For n € N*, since, by integration by parts,

1

n+l . 1 pn+l.n n.n 1 gn,n—1
P Z InU; <1 :/ 0" x o0 g 0"y o +/ 0"x o
= 0 o n! n! o Jo (n—1)!
9 an

i=1

we conclude that P(v =n) = 2’,1 e

Rejection sampling Let us suppose that we want to sample according to a distribution uy
such that uy(dy) = p(y)ux(dy) with uy a distribution according to which we already know
how to sample and p a density ([ p(y)ux(dy) = 1) with values in [0,M] with M < e (note
that if uy # ux, then M > 1). Let (X;,U;);>; be ii.d. with X; distributed according to py
independent from U; uniformly distributed on [0, 1] and

X;
v:inf{izleigp( )}
M

Then for n € N* and ¢ a measurable and bounded function, by the i.i.d. property,

n—1
pX
:]P’(U1> (Ml)) ]E[I{Uép%l)}fp(Xl)]-

By the tower property of the conditional expectation then the freezing Lemma,
4

&H:Ehmm{wd )

:E{(p(Xl)p(X])} :i/(,,( )p(x)x (dx) = /‘P )iy ().

n—1
E [1{V=n}(p(XV>] :E H {U P } {U <an }(P( )

XlH —E[1- 0] =1 & Thus

5 1enon)) = (1) o [obmtas),

so that Xy is distributed according to y and independent from v which follows the geometric

distribution with parameter 1 — Ai/[

Bibliographic remark A very complete discussion on the simulation of non uniform random
variables can be found in [Devroye(1986)], results and discussion on the construction of pseudo-
random sequences in Knuth [Knuth(1998)].

[Ripley(2006)],[Rubinstein(1981)] and [Hammersley and Handscomb(1979)] are reference
books on simulation methods. See also the survey paper by Niederreiter [Niederreiter(1995)]
and the references therein, in particular these which concern nonlinear random number genera-
tors.
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1.3 Variance Reduction

We have shown in the preceding section that the ratio ¢/v/N governs the accu-
racy of a Monte-Carlo method with N simulations. An obvious consequence of this
fact is that one always has interest to rewrite the quantity to compute as the ex-
pectation of a random variable which has a smaller variance : this is the ba-
sic idea of variance reduction techniques.  For complements, we refer the reader
to [Kalos and Whitlock(2008)],[Hammersley and Handscomb(1979)],[Rubinstein(1981)] or
[Ripley(2006)].

Suppose that we want to evaluate E (X). We try to find an alternative representation for this
expectation as

E(X)=E(Y),

using a random variable ¥ with lower variance than g(X). Then we approximate [E (X) by the
empirical mean ¥, = %Z?:l Y; of random variables i.i.d. according to the law of Y.A lot of
techniques are known in order to implement this idea. This paragraph gives an introduction to
some standard methods.

1.3.1 Control variates

The basic idea of control variate is to write E(X) as
E(X) =E(X - (Z-E(2))),

where Z is a square integrable random variable with positive variance such that E(Z) can be
explicitly computed and which is in some sense close to X so that Var (X — Z) is smaller than
Var (X). In these circumstances, we use a Monte-Carlo method to estimate E(X —Z), and we
add the value of E(Z).

Let us illustrate the control variates approach by several financial examples.

The Call Put parity example Let S; be the price at time 7 of a given asset and denote by C
the price of the European call option

C=E (eirT (ST —K)+) N
and by P the price of the European put option
P=E(e " (K—S7),).

There exists a relation between the price of the put and the call which does not depend on the
models for the price of the asset,namely, the “call-put arbitrage formula™ :

C—P=E(e"" (St —K))=So—Ke '".

This formula (easily proved using linearity of the expectation) can be used to reduce the variance
of a call option since

C=E (e—rT (K — ST)+) + S0 —Ke T,
The Monte-Carlo computation of the call is then reduced to the computation of the put option.
This is a particular case of the general approach applied with X = e~"7 (S — K), and Z =
e "1 (St — K) with expectation E[Z] = Sy — Ke "7 since

X—(Z-E[Z))=e"T((ST—K); — (ST —K))+So—Ke T =e T (K—S7) +Sy—Ke™'T.
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Remark 1.3.1. For the Black-Scholes model explicit formulas for the variance of the put and
the call options can be obtained. In most cases, the variance of the put option is smaller than
the variance of the call since the payoff of the put is bounded whereas the payoff of the call is
not. Thus, one should compute put option prices even when one needs a call prices.

Remark 1.3.2. Observe that call-put relations can also be obtained for Asian options or basket
options.

For example, for Asian options, set S; = % fOT S,ds. We have :

E((Sr-K),)-E((K-Sr), ) =E(Sr) K,

and, in the Black-Scholes model,

rT 1
/ E(S / Soe"ds = So° —

Moreover unlike the arithmetic mean S the distribution of which is unknown, the geo-
metric mean S7 = Spexp <% fOT (GW, +(r— %z)tdt>> has a log-normal distribution. Indeed

2 . . . 2 .
% fOT <GW, +(r— %)tdt) is normal with expectation (r — %-)Z and variance

T 2 2 T 4T 262 (T gt 27
(3 J W,dt> =2 [ Ewwdsar =T [ [ sasar =T
T Jo T< Ji=0.Js=0 T Ji=0Js=0 3

Hence an explicit formula is available for E [(K — S7)-.| and we can use (K —S7) as a control
variate when computing E [(K — S7)+].

E

Basket options. A very similar idea can be used for pricing basket options. Assume that, for
i=1,....d

J
i ( —3X0 )T+): 16iWr
T = Xie i=1 % ,

where Wl,...,Wp are independent Brownian motions. Let a;, 1 < i < d), be positive real
numbers. We want to compute a put option on a basket
E ((K - X)+> )
where X = a;S} + -+ +ayS%. For | pi = <" , the idea is to approximate
Li-19% ) | <ica

by the log-normal random variable obtained by replacing the rithmetic mean by the correspond-
ing geometric mean

Y = (i am) (=3 e of) Tl o),
=1

As we can compute an explicit formula for
E [(K -y )+] )
we can use the control variate Z = (K —Y)__ and sample (K —X), —(K—Y),.
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How to ensure variance reduction? Nothing guarantees that Var (X —Z) < Var (X) but one
can achieve variance reduction by introducing some multiplicative parameter o € R. The func-
tion

v(a) := Var (X — aZ) = Cov(X — aZ,X — aZ) = Var (X) — 20Cov(X, Z) + o> Var (Z)

Cov(X,Z))? Cov(X,2)\>
= Var (X) — MJFVM ) (o— Cov(X,2)
Var (Z) Var (Z)

attains its minimum equal to Var (X ) — % Var (X)(1 —Corr(X,Z)?) at o, = C{’,;r()(fz’?.
Let ((X;,Zi))i>1 be independent copies of (X,Z). By the strong law of large numbers, the

1yn —
estimator 0y, = Z’ Z]”X ZZ2 X(Z )Z converges a.s. to @ as n — oo and X, — &,(Z, —E(Z)) converges

nfl i=1

a.s. to E(X). Moreover,
o A s B A X, —E(X)

where i (3~ 50) ) comerges intaw to W ~ 5 (0. et ) V) ) s

n — co. With Slutsky’s lemma and the continuity of the scalar product on R?, we conclude
thaty/n (X, — 6,,(Z, —E(Z)) —E(X)) converges in distribution to (1,—o*)W ~ A1(0,v(a)).

1.3.2 Importance sampling

Importance sampling is another variance reduction procedure. It is obtained by changing the
sampling law.

We start by introducing this method in a very simple context. Suppose we want to compute

E(g(X)),

X being a random variable following the density f(x) on R?, then

E(e(X)) = | (S (x)dx.

Let f be another density such that £(x) > 0 when g(x) f(x) # 0 and [ga f(x)dx = 1. Clearly one
can write E(g(X)) as

_ [ 80 s g (8
ws00) = |, g o2 (750
where Y has density f (x) under P. We thus can approximate E(g(X)) by
1/e)fn) | g(a)f(Ya)
( A A )

where (Y1,...,Y,) are independant copies of Y. Set Z = g(Y)f(Y)/f(Y). We have decreased
the variance of the simulation if Var (Z) < Var (g(X)). It is easy to compute the variance of Z

var @)= [ (S0 fgaeme 2 ( [ scoirtar) B
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_ s/
E(X)]

equal to zero when g has constant sign. The computation of the normalizing constant E[|g(X)]]
of f.(x) being as difficult as (and, when g has constant sign, equivalent to) the computation of
E[g(X)], this optimal choice cannot in general be used in practice. Nevertheless, this leads to
the following heuristic approach : choose f(x) as a good approximation of |g(x)| f(x) such that
the distribution with density £(x)/ [ga f(x)dx can be sampled easily.

by the Cauchy-Schwarz inequality. The lower bound is attained for f; (x) and is even

An elementary financial example Suppose that G is a Gaussian random variable with mean
zero and unit variance, and that we want to compute

E(9(G)),

for some function ¢. We choose to sample the law of G = G + m, m being a real constant to be
determined carefully. We have :

E($(G)) =E (¢<é>%) —2 (0@ ) = (o6 "),

This equality can be rewritten as

m2
E(¢(G))=E (¢(G+m)e_’"G_2) :
Suppose we want to compute a European call option in the Black and Scholes model, we have

0(G) = (zeGG —K) :

+

and assume that A << K. In this case, P(1¢°% > K) is very small since the option will unlikely
be exercised. This fact can lead to a very large error in a standard Monte-Carlo method. In
order to increase to exercise probability, we can use the previous equality

B((2ee0 k) ) =5 (a7 k) o),

and choose m = mg with 1e°™ = K, since

P (170 > ) = 2.
2
This choice of m is certainly not optimal; however it drastically improves the efficiency of the

Monte-Carlo method when A << K (see exercise 9 for a mathematical hint of this fact).

The multidimensional case Monte-Carlo simulations are really useful for
problems with large dimension, and thus we have to extend the previ-
ous method to multidimensional setting. The ideas of this section come
from [Glasserman et al.(1999)Glasserman, Heidelberger, and Shahabuddin].

Let us start by considering the pricing of index options. Let o be a d X p matrix and (W;,t >
0) a p-dimensional Brownian motion. Denote by (S;,# > 0) the solution of

s} = S!(rdt+[cdW],)

dsé = Sd(rdt+[cdw],)
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where [0dWi]; = Y], o, jdW,’ .
Moreover, denote by I; the value of the index

d
I[ = Z a,‘S;,
i=1
where ay,...,a, 1s a given set of positive numbers such that ):f-lzl a; = 1. Suppose that we want

to compute the price of a European call option with payoff at time 7" given by

h:(IT—K)+.
As
S L&, P .
T = Spexp r—i;cij T+Zlcr,~jWT] ,
j= j=

there exists a function ¢ such that
h=¢(Gy,...,Gp),
where G; = W% /+/T. The price of this option can be rewritten as

E(¢(G))

where G = (Gj,...,G)) is a p-dimensional Gaussian vector with unit covariance matrix.
As in the one dimensional case, it is easy (by a change of variable) to prove that, if m =

(mi,...,mp),
m|2

E(¢(G)) =E <¢(G+m)e—m~0—'z) : (1.5)

where m.G = Y?_ m;G; and |m|*> = ¥ m?. In view of 1.5, the variance V (m) of the random
variable

X = 6(G+m)e 0"
Vim) = E(9(G+me m0"F) —E2(6(G)).

|m|2

- E ¢2(G+m)em.(G+m)+Zem.Gm;)_EZ((P(G)),
= E(0%G)e ")~ (0(6).

Let us suppose that P(¢(G) #0) >0 and VA € R?, E ((pz(G)e;L'G) < oo, Since m.G < @ +

G2, one has e ™G+ > " =16 5o that V(m) > T E (62(G)e197) — B2 (6(G)). We
deduce that limy,,_, ..V (m) = +oco. On the other hand, one can interchange the expectation and
derivatives with respect to m to obtain

Vi =2 (06 " n-6)

V2V (m) =F (qﬂ(G)e—mG“%2 (I; + (m — G)(m — G)*)) :
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Hence V(m) is a strictly convex function which goes to +co with |m|. We conclude that there
is a unique m, € R? such that V (m,) = inf,,cgs V (m) and m, is characterized by VV (m,) = 0.
One may approximate m, by either solving this equation using a stochastic algorithm or by

minimizing %Z?ZI ¢>(G;)e™GiT 2~ where the G; are i.i.d. copies of G.

The reader is also refered to [Glasserman et al.(1999)Glasserman, Heidelberger, and Shahabuddin]
for an almost optimal way to choose the parameter m.

1.3.3 Antithetic variables

The use of antithetic variables is widespread in Monte-Carlo simulation. This technique is often
efficient but its gains are less dramatic than other variance reduction techniques.

We begin by considering a simple and instructive example. Let

1= /Olg(x)dx.

If U follows a uniform law on the interval [0, 1], then 1 — U has the same law as U, and thus

=3 1<g<x>+g<1—x>>dx=E(§<g<v>+g<1—u>>).

Therefore one can draw n independent random variables Uy, ..., U, following a uniform law on
[0, 1], and approximate I by

Ly = L(5(gU)+g(1=U))+-+5(gU)+8(1-Up)))
= 5, (8(U1) +g(1—=U1) +--+2g(Un) +g(1 = Uy)).

We need to compare the efficiency of this Monte-Carlo method with the standard one with 2n
drawings

I~

0 _
I2n_

L (g(Uh) +8(U2) +--+g(Usn—1) + g(Unn))
1 1
(3(8W1) +gWa) +--+5(g(Unn-1)+8(U))) -
We will now compare the variances of I, and Ign. Observe that in doing this we assume that

most of numerical work relies in the evaluation of f and the time devoted to the simulation of
the random variables is negligible. This is often a realistic assumption.

S =

An easy computation shows that the variance of the standard estimator is
1
Var (Iy,) = 5 -Var (g(U1)).

whereas

Var (L) = %Var (%(g(Uﬂ +g(1 —U1)>)

= - (Var (g(U1)) + Var (g(1 — U)) + 2Cov(g(U1) .8(1 ~ Uy)

1
=5, (Var (g(U1) + Cov(g(U1),8(1 = U1))).
Obviously, Var (I,,) < Var (1) if and only if Cov(g(U;),g(1 —U,)) < 0. If g is a monotonic
function this is always true and thus the Monte-Carlo method using antithetic variables is bet-
ter than the standard one. Indeed, when f and g are two functions with the same monotony,
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(f(Uy) — f(U2))(g(1 —=U;)—g(1 —U,)) <0 so that, by taking the expectation and using that
U; and U, are 1.1.d.,

2(E[f(Ur)g(1—U1)] = E[f(U1)]E[g(1 = U1)]) < 0 and Cov(f(U1),8(1 —U1)) <0.

This idea can be generalized in dimension greater than 1, in which case we use the transfor-
mation
(Ul,...,Ud> — (I—Ul,...,l—Ud).

When g is monotonic in each of its variables, Cov(g(Uy,...,Uy),g(1 —Uy,...,1 —=Uy)) < 0.
Indeed, one can prove by induction on d that when f and g are monotonic in each of their
variables with the same monotony for a given variable,

E[f(Ut,....Ug)g(1~Ur...,1 = Up)] < E[f(U,...,U)|E[g(1 — Uy...,.1 = Uy)].
We have treated the case d = 1 above. Let us suppose that the property holds at rank d. One has
E[f(Ul o '7Ud7Ud+l)g(1 =Up...,1=-Uy,1 _Ud-l-l)] = E[H(Ud+l)]7

where, H(ugy1) = E[f(Uy,...,Uguqi1)g(1 —Uy,...,1 — Uy, 1 —ug.q)] by the freezing
Lemma. When f and g are monotonic in each of their variables with the same monotony
for a given variable, by the property at rank d, H(ugy1) < F(ugy1)G(1 —ugyq) with F(x) =
E[f(Uy,...,U4,x)] and G(x) = E[g(1 — Uy, ...,1 —Uy,x)] having the same monotony. Hence,
using the property at rank 1 for the second inequality, we obtain

E[H(Ug1)] <E[F(Ug+1)G(1 = Ugt1)] < E[F(Ugy1)]E[G(1 = Ug 1))
=E[f(U1...,Us,Us1)|E[g(1 = Uy ..., 1= Uqg,1 = Ugy1)]-

More generaly, if X is a random variable taking its values in R? and T is a transformation of
R¢ such that the law of T'(X) is the same as the law of X, we can construct an antithetic method
using the equality

E(2(X)) = 5E (5(X) +&(T(X))).

Namely, if (Xj,...,X,) are independent and sampled along the law of X, we can consider the
estimator

Bon = 5, (8(X) +8(T(X0) -+ +8(%0) + ¢(T (X))

and compare it to

1
B, = 2, (8(X1) +8(X2)) + -+ 8(Xan-1) +8(Xon)).
The same computations as before prove that the estimator I, is better than the crude one if and

only if Cov(g(X),g(T(X))) < 0. We now show a few elementary examples in finance.

A toy financial example. Let G be a standard Gaussian random variable and consider the call

option
E ((leGG —K)+> .

Clearly the law of —G is the same as the law of G, and thus the function 7" to be considered is
T(x) = —x. As the payoff is increasing as a function of G, the following antithetic estimator
certainly reduces the variance :
1
bn =5 (8(G1) +8(=G1) + - +8(Gn) +8(=Gn)),
where g(x) = (Ae°* —K)_ .
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Antithetic variables for path-dependent options. Consider the path dependent option with
payoff at time T
II/ (SSv s S T) )

where (S;,7 > 0) is the lognormal diffusion

1 5
Sy = xexp (r—EO' )t+oW, .

As the law of (—W;,r > 0) is the same as the law of (W;,# > 0) one has

E (1// <xexp ((r— %GZ)S—F GWS> .5 < T))
(w0 Lenmom) <))

and, for appropriate functionals y, the antithetic variable method may be efficient.

1.3.4 Stratification methods

These methods are widely used in statistics (see [Cochran(1953)]). Assume that we want to
compute the expectation

& =E(g(X) = [ s (),

where X is a R? valued random variable with density f(x).
Let (D;,1 <i <) be a partition of R?. & can be expressed as

1~
>~

& =) E(lxepg(X)) = ) E(g(X)X € Di)P(X € D),
i=l i=1
where »
MﬂﬂWEDQ:%ﬁ%ﬁ%ﬁ

Note that E(g(X)|X € D;) can be interpreted as E(g(X')) where X' is a random variable whose
law is the law of X conditioned by X belongs to D;, whose density is

1
T Oy e (.

Remark 1.3.3. The random variable X' is easily simulated using an acceptance rejection pro-
cedure. But this method is clearly unefficient when P(X € D;) is small.

When efficient simulation according to the law of X' is possible, one can use a Monte-Carlo
method to approximate each conditional expectation &; = E(g(X)|X € D;) by

é:i@@h+m+ﬁﬁm,

n;
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where (X{,...,X]) are independent copies of X'. When the numbers p; = P(X € D;) can be
explicitly computed, an estimator & of & is given by

Of course the samples used to compute &; are supposed to be independent and so the variance
of & is

where 67 be the variance of g(X?).

Fix the total number of simulations Z _yn; = n and denote by g; = * the proportion of
simulations affected to stratum i. Then the above variance writes

2 2
1 & po? PG, 1 L pioi 1 [
PR (20 g2 (2 2% ) < (L)
=y =L \i=1

This lower bound is attained for

.G.
g = ,”# ie{l,... I}
ji=1Pj0j

Note that this variance is smaller than the one obtained without stratification. Indeed, using
2 .
again the convexity inequality Zl | p, (Z{ZI pia,-) , we obtain

Var (g(X)) = E (g(X)z) ~E(g(X))?

2
= Zp, X)|X € D)) (Zp, |XED)>

1

2
— Zp,Var X)|X € D)) +Zpl (X)X € D;)? (sz \XED)>

i:1pz [7

v

where the right-hand side is n times the variance of the stratified estimator for the choice ¢; = p;
forie{1,...,1}.

Remark 1.3.4. The optimal stratification involves the 0;’s which are seldom explicitly known.
So one needs to estimate these 6;’s by Monte-Carlo simulations.

Moreover note that arbitrary choices of ¢; may increase the variance. A common way to
circumvent this difficulty is to choose ¢; = p; fori € {1,...,I}. For hints on suitable choices of
the sets D;, see [Cochran(1953)].

A toy example in finance In the standard Black and Scholes model the price of a call option

(e -1),)

It is natural to use the following strata for G : either G < d = or G > d. Of course the
variance of the stratum G < d is equal to zero, so if you follow the optimal choice of number,

log(K/2)
o
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you do not need to simulate points in this stratum : all points have to be sampled in the stratum
G > d! This can be easily done by using the (numerical) inverse of the cumulative distribution
function of a standard Gaussian random variable.

Of course, one does not need Monte-Carlo methods to compute call options for the Black
and Scholes models; we now consider a more convincing example.

Basket options Most of what follows comes from [Glasserman et al.(1999)Glasserman, Heidelberger, and S
The computation of an European basket option in a multidimensional Black-Scholes model can
be expressed as

E(¢(G)),

for some function g and for G = (Gy,...,G,) a vector of independent standard Gaussian random
variables. Choose a vector u € R? such that |u| = 1. Then

Var (< u,G >) = u*lyu = |u]* =1,

sothat <u,G >=u;Gy;+---+u Gy 1s also a standard Gaussian random variable. Then choose
a partition (B;, 1 <i <) of R such that

P(< u,G >¢ B,') :P(Gl EBi) = 1/1.

and define the strata by setting
D;={<u,x>€ B;}.

This can be done by setting

Bi =]/ (i = 1)/1), 4 i/ D)),

where .4 is the distribution function of a standard Gaussian random variable and .4 7! is its
inverse. By page 6, when U ~ %[0, 1], the random variable .4 ~! (% + %) follows the law a
standard Gaussian random variable conditioned to be in B; and so does .4 ! (%) Now for

je{]7...,d}’

Cov(Gj— <u,G>uj,<u,G>) COV< j,Zuka> — Var (< u,G >)u;

d
Z urCov(G;,Gy) —u; = 0.

Since (G— < u,G > u,< u,G >) is a Gaussian random vector as a linear transform of the
Gaussian random vector G, we deduce that G— < u,G > u and < u,G > are independent.
Hence when U is independent of G, then (G— < u,G > u,.# ! (%)) follows the conditional
law of (G— < u,G > u,< u,G >) given < u,G >€ B; and

G+ (JV_I (Z_IU>—<u,G>)u

follows the conditional law of G given < u,G >€ B,;.

To make this method efficient, the choice of the vector u is cru-
cial an almost optimal way to choose the vector u can be found
in [Glasserman et al.(1999)Glasserman, Heidelberger, and Shahabuddin].
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1.3.5 Mean value or conditioning

This method uses the well known fact that conditioning reduces the variance. Indeed, for any
integrable random variable Z, we have

E(Z) = E(E(Z]Y)),

where Y is any random variable defined on the same probability space as Z. It is well known
that E(Z|Y) can be written as
E(Z[Y) =o(Y),

for some measurable function ¢. Suppose in addition that Z is square integrable. As

Var (Z) =E[(Z - E[Z|Y] +E[Z|]Y] - E[Z])}]
[(Zz—E[z|Y])*] +2E[E[Z — E[Z|Y]|[Y)(E[Z|Y] — E[Z))] + E[(E[Z|Y] — E[Z])]

(Z—E[z|Y])*] + Var (E[Z]Y]),

E
E

Var (¢(Y)) < Var (Z).

Of course the practical efficiency of simulating ¢ (Y) instead of Z heavily relies on an ex-
plicit formula for the function ¢. This can be achieved when Z = g(X,Y), where X and Y are
independent random variables. In this case, we have

E(¢(X,Y)[Y) = o(Y),

where ¢(y) = E(g(X,y)).

A basic example. Suppose that we want to compute P(X < Y) where X and Y are indepen-
dent random variables. This situation occurs in finance, when one computes the hedge of an
exchange option (or the price of a digital exchange option).

Using the preceeding, we have
PX <Y)=E(F(Y)),

where F is the cumulative distribution function of X. The variance reduction can be significant,
especially when the probability P (X <Y is small.

1.4 Low discrepancy sequences

Using sequences of points “more regular” than random points may sometimes improve Monte-
Carlo methods. We look for deterministic sequences (xi)x>1 such that

[ T )+ ),
0.1] n

for all function f in a large enough set. It is not difficult to choose n points such that the approx-
imation is good for a fixed value of n : (xZ = zgzl)lgkgn is such a good choice in dimension

d = 1 and there even exist Gauss points (y})i<x<n With companion weights (@})1<x<, € [0, 1]"

summing to 1 such that Y7 | @/g(y}) is equal to fol g(u)du for each polynomial g with degree
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not greater than 2n — 1. But constructing a sequence (x; )x>1 with good properties for all values
of n is not so easy.
When the considered sequence is deterministic, the method is called a quasi Monte-Carlo

method. One can find sequences such that the speed of convergence of the previous approxima-

tion is of the order K—=—— 1°g (when the function f is regular enough). Such a sequence is called

a “low discrepancy sequence .

We give now a mathematical definition of a uniformly distributed sequence. By definition, if
x=(x!,--- ,x¥) and y = (y',---,y4) are two points in [0, 1]%, x < y if and only if x' < y', for all

ie{l,--,d}

Definition 1.4.1. A sequence (x,),>1 is said to be uniformly distributed on [0,1]? if one of the
following equivalent properties is fulfilled :

1. Forally= (y',---,y%) €0,1)¢

lim — Z Lo cjoy = Hy = Volume([0, y]),

n—r—+oo n -1

where [0,y] = {z € [0,1]¢ : z< y}.

1 n
2. Let D}(x) = sup |- Z xel0y] — Volume([0,y])| be the discrepancy of the sequence,
yel0,1)4 | =1
then
lim Dj(x) =0,
n—y+oo

3. For every bounded continuous function f on [0,1]¢
Jim o X =[S

4. Ym=m',...,m?) € Z¢, lim,Hoo%ZZ:l 2 mk) — Jio,1j¢ e27mY) g — 1,—0}-

)

Remark 1.4.1.  Property 3 is the weak convergence of the probability measure %Zzzl Ox,
to the Lebesgue measure on [0, 1]¢. Property 4 is the characterization of this weak con-
vergence in terms of Fourier transform known as Weyl’s criterion.

o If (U,),>1 is a sequence of independent random variables with uniform law on [0, 1]¢, the

random sequence
(Un(@),n > 1),

is almost surely uniformly distributed. The strong law of large numbers ensures that

a.s., Ym € Z% lim — Z ¢ 2mU) — | [ei2”<m7U1>] = 1{—0},

—

where we could interchange a.s. and Vm € Z¢ since Z¢ is countable.

Moreover, we have an iterated logarithm law for the discrepancy, namely,

2n
——D(U)=1a.s.
log(logn) ) .

lim sup n
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* The discrepancy of any infinite sequence satisfies the following property

1 max(451,1)
D; > Cd( ogn) i

for an infinite number of values of n,

where Cy; is a constant which depends on d only. This result is known as the Roth theorem
(see [Roth(1954)]).

* It is possible to construct d-dimensional sequences with discrepancies bounded by
(logn)¢/n. We will see later in this section some examples of such sequences. Note
that, using the Roth theorem, these sequences are almost optimal. These sequences are,
in principle, asymptotically better than random numbers.

In practice we use a number of drawing between 10° and 10® and, in this case, the best
known sequences are not clearly better than random numbers in terms of discrepancy.
This is especially true in large dimension (greater than 100).

The discrepancy allows to give an upper-bound of the approximation error

1}’1
- X)) — x)dx,
PR S

0,14

when f has a finite variation in the sense of Hardy and Krause. This estimate is known as the
Koksma-Hlawka inequality.

Proposition 1.4.2 (Koksma-Hlawka inequality). Let g be a finite variation function in the sense
of Hardy and Krause and denote by V (g) its variation. Then for n > 1

n

1
L Let)— [ sl

k=1

< V(g)D,(x).

Remark 1.4.3. This result is very different from the central limit theorem used for random
sequences, which leads to a confidence interval for a given probability. Here, this estimation
is deterministic. This can be seen as a useful property of low discrepancy sequences, but this
estimation involves V(g) and Dj,(x) and both of these quantities are extremely hard to estimate
in practice. So, the theorem gives in most cases a large overestimation of the real error (very
often, too large to be useful) .

For a general definition of finite variation function in the sense of Hardy and Krause
see [Niederreiter(1992)]. In dimension 1, this notion coincides with the notion of a function
with finite variation in the classical sense. In dimension d, when g is d times continuously
differentiable, the variation of V(g) is given by

d'g(x)
axil e axié

dx’ ... dx".

i > /{xg[o,l]d }

(=11<ij<<iy<d L. .
x/ =1,for j#£iy,...,i

When the dimension d increases, a function with finite variation has to be smoother. For in-
stance, the set function 1y x5 with A € (0,d) has an infinite variation when d > 2. Moreover,

the basket Call or Put options payoffs do not have finite variation when the number of assets in
the basket is d > 3 (see [Ksas(2000)] for a proof).
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Note that the efficiency of a low discrepancy method depends not only on the representation of
the expectation, but also on the way the random variable is simulated. Indeed when for U ~
0,114, ¢(U) and y(U) have the same distribution then E[f(¢(U))] = E[f(w(U))] which

also writes [jo yja f (@ (u))du= [ 10 f(W(u))du, Var (¢ (U)) = Var (y(U)) but in general V(f o
¢) is not equal to V(foy).

Moreover, the method chosen can lead to functions with infinite variation, even when the
variance is bounded.

For instance, assume that we want to compute E (f(G)), where G is a real random variable
and f is a function such that Var (f(G)) < 4oo, f is increasing, f(—c) =0 and f(+o0) =
+oco. Assume that we simulate along the law of G using the inverse of the distribution function
denoted by N(x). For the sake of simplicity, we will assume that N is differentiable and strictly
increasing. If U is a random variable drawn uniformly on [0, 1], we have

In order to use the Koksma-Hlawka inequality we need to compute the variation of g. But

Vo) = [ ¢
= [ w)an ! )
= [0 = flerem) = f(=o0) = o=
An example in finance is given by the call option where

f(G) = <leGG—K> ,

+

and G is a standard Gaussian random variable. Of course, it is easy in this case to solve this
problem by first computing the price of the put option and then by using the call-put arbitrage
relation to retrieve the call price.

In dimension d = 1, when g is C! with bounded variation, V(g) = fol |¢’(u)|du and since
glu)=g(1)— fol 1,<,¢' (v)dv, we have

/1 2 ,
/0 (;I;ll&@_lu@)g (v)dv

12
- Z lxkgv - lugv
=1

‘ [ stway—1 ¥ gt
0 =

1
< [ 150l sup =V (g) x Dy(x).

ve([0,1]

We will now give examples of some of the most widely used low discrepancy sequences
in finance. For other examples and an exhaustive and rigorous presentation of this subject
see [Niederreiter(1992)].

Irrational translation of the torus These sequences are defined by

xn = {nay},....{noy}),n>1 (1.6)
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where {x} is the fractional part of the number x and @ = (@, - - - , 0y) is a vector of real numbers
such that (1,0, -+, 0) is a free fami}y on Q. This is equivalent to say that for each m €
74\ {0}, (m,a) ¢ Z or equivalently ¢?*"™% = 1. Note that this condition implies that the

@; are irrational numbers. Since for m € Z4, k(m,a) — (m,x;) = (m, (ko |,--- | |[ka?))) € Z,
ei27‘c<m,xk> — ei27‘ck(m,oc> and

n

1 “ e
v, EZd 0}, = 2r{mag) _ ~ 2rk{m, o) _
mez\ (0}, Ve T

R2r(m.a)  pi2an(m,e) _ |

Hence, by point 4 in Definition 1.4.1, the sequence (x;,),>1 is uniformly distributed.

One convenient way to choose such a family is to define o by

(\/pla"' ) \/pd)a
where py,...,pg are the d first prime numbers. See [Pages and Xiao(1997)] for numerical ex-

periments on this sequence.

The Van Der Corput sequence Let p > 2 be an integer and » a positive integer. We denote by
ap,day,...,a, the p-adic decomposition of the integer n, that is to say the unique set of integers
a; such that 0 < a; < p for 0 <i <rand a, > 0 with

n=ay+ap+---+ap.

Note that since p" < ag+ajp+---+a,p" < (p—1)x(1+p+---+p)=p 1 —1,r=|2
n—Lijsiaip'

7 |. Using standard notations, n can be writen

a, = LI%J andforr—1>j>0,a;=|
as
n=da,a,_i...adap in base p.

The Van Der Corput sequence in base p is given by

The definition of ¢,(n) can be rewriten as follows
ifn=aya,_1...a0 then ¢,(n) =0,apaz...a,

where 0,apa, . .. a, denotes the p—adic decomposition of a number.
Note that if v(n) = min{i > 0 : a;(n) < p—1} then n+1 = (1 + av(n)(n))pv(”) +

Z;.(:nz(n)ﬂ aj(n)p’ so that

1 vim-1 4 1 1
Pl =00 = e = (P X = e

. 1 wvin)—1 p—1 —1 1 1
Since 1 — pv(n) - ZJ:() I% S ¢P(n) < ZJEN I% - IW =1- pv(n)+1 » We deduce that ¢P(

1) = y,(¢,(n)) for the Kakutani transform y,, : [0,1) — [0, 1) defined by

1 1
Z 1[1_7 1—W ( ) (x+p +pk+1 1) .

k>0
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Halton sequences. Halton sequences are multidimensional generalizations of Van Der Corput
sequence. Let py,---, pg be the first d prime numbers. The Halton sequence is defined by

Xn = (@py (1), @p, (1)) (1.7)

for an integer n and where ¢, (n) is the Van Der Corput sequence in base p;.

One can prove that the discrepancy of a d —dimensional Halton sequence can be estimated
by

Faure sequence. These sequences are defined in [Faure(1981)] and [Faure(1982)]. The Faure
sequence in dimension d is defined as follows. Let p be an odd integer greater or equal to d.
Now define a function T on the set of numbers x such that

r

— aj
where each a; belongs to {0,...,p— 1}, by
.
b
T(X) = J;OW7

where
r .
bj: Z(l.)ai l’IlOdp,
i=j \ J

and l] ) = WLJ), denotes the binomial coefficient. The Faure sequence is then defined as

follows
5= (050, T(@p(m)), -+ T (9p(n) ) (1.8)
where ¢,(n) is the Van Der Corput sequence of basis p. The discrepancy of this sequence

satisfies
log(n)“

3C < o, Vn € N*, Di(x) < C .
n

Sobol sequence ([Sobol’(1967)]) One of the most used low discrepancy sequences is the
Sobol sequence. This sequence uses the binary decomposition of a number n

n= Z ap(n)2k1,
k>1

where the a;(n) € {0, 1}. Note that a;(n) = 0, for k large enough.
First choose a polynomial of degree ¢ with coefficient in Z /27

P=ap+o X+ -+ 0, X9,

such that ap = o; = 1. The polynomial P is supposed to be irreducible and primitive in Z/27.
See [Roman(1992)] for definitions and appendix A.4 of this book for an algorithm for comput-
ing such polynomials (a table of (some) irreducible polynomials is also available in this book
and algorithm for testing the primitivity of a polynomial is available in Maple).
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Choose an arbitrary vector of (M, ...,M,) € N%, such that M} is odd and less than 2%. Define
M,, forn > g by '
M, = @?:12laiMn—i @Mk—qu
where & is defined by
mon = Z (ax(m) XOR ai(n))2,
k>0
and XOR is the bitwise operator defined by

aXORD = (a+b) mod. 2.

A direction sequence (Vj,k > 0) of real numbers is then defined by

My

Vk:?,

and a one dimensional Sobol sequence x;,, by
Xn = Or>0ak(n) Vi,

ifn=7%;> ar(n)2F1, A multidimensional sequence can be constructed by using different poly-
nomials for each dimension.

A variant of the Sobol sequence can be defined using a “Gray code”. For a given integer n,
we can define a Gray code of n, (bi(n),k > 0), by the binary decomposition of G(n) =n@® [n/2]

n®dn/2] = Z bi(n)2*.

k>0

Note that the function G is bijective from {0,...,2V — 1} to itself. The main interest of Gray
codes is that the binary representation of G(n) and G(n+ 1) differ in exactly one bit. The variant
proposed by Antonov et Salev (see [Antonov and Saleev(1980)]) is defined by

Xn=b1(M)Vi & D bp(n)V,.

For an exhaustive study of the Sobol sequence, see [Sobol’(1967)] and [Sobol’(1976)].
A program allowing to generate some Sobol sequences for small dimensions
can be found in [Press et al.(1992)Press, Teukolsky, Vetterling, and Flannery], see
also [Fox(1988)]. Empirical studies indicate that Sobol sequences are among the most
efficient low discrepancy sequences (see [Fox etal.(1992)Fox, Bratley, and Neiderreiter]
and [Radovic et al.(1996)Radovic, Sobol’, and Tichy] for numerical comparisons of se-
quences).
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1.5 Exercises and problems

1.5.1 Exercises

Exercise 1. Convergence in probability of the empirical mean without integrability.
Let (X;)j>1 be a sequence of i.i.d. random variables s.t. lim,, .. nP(|X{| > n) = 0.

1. Remark that X121{|X]|§n} < ):ZZI(ZIJ‘-ZI 2j)Lik—1<|x,|<k) and show that

EXP L, <ny] <2 Y jP(IX] > j—1).
=1

2. Deduce that lim,,_s., Var (%Z?:lleﬂxj‘ﬁn}) =0.

We suppose the existence of x € R such that lim,, . E[X; 1 (1X1| Sn}] =

3. For € > 0 and n large enough so that [E[X; 1|x, <] — x| < §, check that

_ 1 & €
P(Xy—x[ =€) <P (‘; Y Xilqx,(<n} _E[X11{|Xl|§n}]‘ > 5) +nP(1X1| > n).
=1

Conclude that (X,,),>1 converges in probability to x as n — .

4. Give an example of a non integrable random variable X; with symmetric distribution
(i.e. X; and —X; have the same law, which implies that E[X;1{x,|<x}] = 0) such that
lim, 0o nP(|X;| > n) =0.

Exercise 2. No convergence in probability in the CLT.

Let (X;);>1 be a sequence of i.i.d. square integrable random variables.

1. Show that, as n — oo, (ﬁ()_(n —-E(X1)), \/Lﬁ Z?inﬂ (X;— ]E(Xl))) converges in distribu-

tion to (Y1,Y>) with ¥; and Y5 i.i.d. and precise their common distribution.

2. Deduce that /2n(X, — E(X;)) — v/n(X, — E(X;)) converges in distribution to

V2 —2Y;.

3. Show that when a sequence (Z,),>; converges in probability to some limit Z, then Z;, —
Z, converges in probability to 0.

4. Conclude that, when Var (X1) > 0, v/n(X, —E(X})) does not converge in probability.

Exercise 3. Various rates of convergence of the empirical mean.
Let (Z;)j>1 be a sequence of random variables i.i.d. according to the symmetric Pareto distri-
bution with parameter a €]0,2[, the density of which is ZIZ%HI (Z>1}-

1. When a > 1, what is the behaviour of the sequence Z, = % ’}:1 Zjasn — +oo?
2. Check that the common characteristic function ® of the random variables Z; satisfies

tecos(t) — 1

_ o
D(u)— 1 = oul u prEs]
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3. Give an equivalent of ®(u) — 1 as u — 0. Deduce that n s Z, converges in distribution.
What is the rate of convergence to 0 of the empirical mean Z,, when 1 < o < 2?

Exercise 4. Simulation according to the beta distribution.
Let a,b > 0 and (U, V) uniformy distributed on D = {(u,v) € R?, u >0, v > 0, ui +vi < 1}
((U,V) has the density 1y(,,,)epy/|D| where |D] is the area of D).

1

1. Compute the distribution of (S,X) = (U a4 Vb UL )

RE +v%
2. Check that X follows the beta distribution with parameters a and b, the density of which is
B g cpcryx (1 =2 where, for ¢ > 0, T(c) = [ 2!

variables S and X independent? Compute |D].

e *dx. Are the random

Exercise 5. Simulation according .#1(0,1). Let ((X;,Y;));>1 be i.i.d. with X and Y indepen-
dent exponential random variables with parameter 1. Let € be independent of this sequence and
suchthat P(e =1)=P(e = —1) = 1 . We set

—inf{i >1: 2¥; > (1 —X;)*} and Z = eXy.
1. What is the distribution of N? Compute E(N).
2. What is the distribution of Xy ? Deduce that of Z.

3. Deduce a way to simulate according to .47(0, 1).

Exercise 6. : Simulation according to the gamma districution
We recall that for a, 6 > 0, the den51ty of the distribution ['(a, 8) is p, ¢(z) = &= (2)] e 971 (>0}

where fora >0, T'(a) = [;" x*~'e~*dx. We suppose that a > 1 and we set f(z) =z 'e e 10

and 7, = {(x,y) e RL:0<x </ f(H)}.

1. Compute sup,. f(z) and sup,.z>f(z). Deduce that Z, C [0,x,] x [0,y,] where x, =
(ael) etya—(‘”r )%

2. Let (X,Y) ~ %(%,) be uniformly distributed on ¢, i.e. with density
@1{09}1 {0<x< AT} where |Z,| denotes the area of Z,.
What is the distribution of (X W) where W = X2 What is that of W? Deduce that
|Z4| = —~. Conclude that z% o ~T(a,0).

3. How to simulate according to the distributions % (%,) and I'(a,6)?

4. To simulate according to I'(a, 1), we do not need the constant [, f(x)dx = I'(a) which
permits to normalize f into p, ;. Does replacing f by cf where ¢ €]0,+oo[ change the
efficiency of the above method?

Exercise 7. Letac’s bound for the rejection sampling

Let p be a probability density on the interval [0, 1] according to which one wants to simulate by
a rejection algorithm using a sequence ((U;,X;));> of i.i.d. random vectors with U; ~ % [0, 1].
More precisely, we suppose the existence of an acceptation set .o such that P((U},X;) € &) >0
and the conditional law of U; given (U;,X;) € </ has the density p. Let N =min{i > 1 :
(U;,X;) € </} and B be a Borel subset of [0, 1].
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1. What is the distribution of N? And that of Uy?

2. Check that for n € N*, P(U, € B,N > n) =P(U, € B)P(N > n).
3. Deduce that P(Uy € B) <P(U; € B)E(N).

4. Conclude that E(N) > sup{p > 0: [y 1{,()>p)du > 0}.

Exercise 8. Let Z be a Gaussian random variable and K a positive real number.

1. Letd = w, prove that
Var (Z)

E (izo1g(y”) = OO (d4/Var (2))
2. Prove the formula (Black and Scholes formula)
E ((ez — K)+> = E@) T3 Var (2) 4y (a’—l— \/ Var (Z)) — K./ (d),

Exercise 9. Let A and K be two positive real numbers and X, be the random variable

X, = (leG(G-I—m) —K) e—mG—"’TZ‘
J’_

We denote its variance by 6. Give an expression for the derivative of 62 with respect to m as
an expectation, then deduce that 62 is a decreasing function of m when m < my = In(K/1)/o.

Exercise 10. Assume that & is a function such that fol \h(s)|?ds < +oo. Let (U;,i > 1) be a
sequence of independent random variates with a uniform distribution on [0, 1].

1 1
1. Prove that N N h((i—14U;) /N) has a lower variance than N N ohU).

2. Interpret this result in terms of a stratification method.

Exercise 11. Let X and Y be independent real random variables. Let F and G be the cumulative
distribution functions of X and G respectively. We want to compute by a Monte-Carlo method
the probability

0=P(X+Y <1).

1. Propose a variance reduction procedure using a conditioning method.

2. We assume that F and G are (at least numerically) easily invertible. Explain how to
implement the antithetic variates method. Why does this method reduce the variance?

Exercise 12. Let Z be a random variable given by
7 — Aleﬁle _‘_)LzeﬁzXz,

where (X1,X) is a couple of real random variables and Ay, Ay, B and B, are positive real
numbers. This exercise studies various methods to compute the price of an index option given
by p=P(Z>1).
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1. In this question, we assume that (X,X;) is a Gaussian vector with mean O such that
Var (X;) = Var (X;) = 1 and Cov(X;,X») = p, with |p| < 1. Explain how to simulate
random samples along the law of Z. Describe a Monte-Carlo method allowing to estimate
p and explain how to estimate the error of the method.

2. Explain how to use low discrepancy sequences to compute p.

3. We assume that X; and X, are two independent Gaussian random variables with mean 0
and variance 1. Let m be a real number. Prove that p can be written as

p=E (])(X1,Xz)llleﬁ,(x,+m)+lzeﬁ2(x2+m)2t] ,

for some function ¢. How can we choose m such that

P(AgeBiX4m) | g oBltm) = ) 5 1y
-4
Propose a new Monte-Carlo method which allows to compute p.

4. Assuming now that X; and X, are two independent random variables with respective
cumulative distribution functions Fj (x) and F>(x). Prove that

p:]E [1 -Gy <t—7l,1€B1X1>} ,
where G(x) is a function such that the variance of
1-Gy (t _}L]elle) ,

is always less than the variance of 1, 5%, | ,2%,,- Propose a new Monte-Carlo method
to compute p.

5. We assume again that (X1, X5) is a Gaussian vector with mean 0 and such that Var (X;) =
Var (X;) = 1 and Cov (X1, X>) = p, with |p| < 1. Prove that p = E[1 — F, (¢(X;))] where
F; is the cumulative distribution function of X; and ¢ a function to be computed.

Deduce a variance reduction method computing p.

Exercise 13. Let G be a centred Gaussian random variable with unit variance.

1. For m € R, we set L' = exp (—mG— ’”72> Show that E(L"f(G +m)) = E(f(G)) for
each measurable and bounded function f : R — R.

Let X™ be an integrable random variable such that E(X" f(G+m)) = E(f(G)) for each mea-
surable and bounded function f: R — R.

2. Prove that E (X™|G) = L™. Is it better to approximate E(f(G)) with the empirical mean
corresponding to E(X™ f(G + m)) or the one corresponding to E(L" f(G +m)) ?

3. Show that the variance of L" f(G + m) writes

B (e "9 (6)) - BUIG)2

o _ E(Gf*(G—m))
and that it is minimal when m = FE(2Gm)) "

f(x) =xforeachx e R ?

What is the optimal value of m when
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For two positive real numbers p; and p, with sum equal to 1 and two real numbers m; and m;,

we set :
m2 m2

I(g) = pre™s~F + premsF
Let also u(f) = E(I(G)f(G)) for f measurable and bounded.

= [ pdx

5. Propose how to simulate G according to the density p.

4. Show that

for some probability density p .

6. Show that :
E( (G) (G )) ( (G)),
Var (I71( =E(I I G)) —E(f(G))*.

7. For py = p» =1/2,m; = —mp = m and f(x) = x, show that

o 262
Var (I"Y(G)G) =E (WJG)) :

Denoting by v(m) this variance, check that v/(0) = 0 and v"'(0) < 0.
How to choose m to reduce the variance when computing E(G) ?

Exercise 14. Let X be a square integrable random variable and Y a square integrable control
variate such that E(Y) = 0.

1. For A € R, compute Var (X —AY) and deduce A* which minimizes this variance. What
happens when X and Y are independent?

2. Let ((X;,Y;),i > 1) be a sequence i.i.d. according to the distribution of (X,Y) and for
n>1,
A* — ?=1XiYi - % ?:1Xi2?:1 Y;
! Y X — (T Xi)?

Show that A’ converges almost surely to A* as n — +oo.

3. Using Slutsky’s lemma, show that \/Lﬁ (A*—=A)) ¥, Y; converges to 0 in probability and
deduce that

N (1<x1 At Xa— ATY) —E(X))
n

converges in distribution to a centred Gaussian random variable with variance Var (X —

A*Y).



Chapter 2

Introduction to stochastic algorithms

2.1 A reminder on martingale convergence theorems
F = (Fn,n > 0) denote an increasing sequence of c-algebra of a probability space (Q, o7, P).

Definition 2.1.1. A sequence of real random variables (M,;,n > 0) is a % -martingale (resp.
Z -super-martingale, resp. .% -sub-martingale) if and only if, for alln >0 :

e M, is .%,-measurable
* M, is integrable, E(|M,|) < +o.
o E(Myy1|Fn) =M, (resp. E(My11|-Z,) < My, resp. E(My11|.%,) > M,).

Definition 2.1.2. An % -stopping time is a random variable T taking its values in N U {4o0}
such that, for alln > 0, {t <n} € %,.

Given a stopping time 7 and a process (M,,,n > 0), we can define a stopped process by M z.
It is easy to check that a stopped martingale (resp. sub, super) remains an .% -martingale (resp.
sub, super).

Exercise 15. Check it using the fact that :

M(n+1)/\17 —Mppr = 1{1>n} (Mn+1 _Mn) .

Convergence of super-martingale Almost sure convergence of super-martingale can be ob-
tained under weak conditions.

Theorem 2.1.3. Let (M,,n > 0) be a non-negative super-martingale with respect to .F, then
M, converge almost surely to a random variable M., when n goes to +oo.

For a proof see [Williams(1991)].

Remark 2.1.1. * The previous result remain true if, for all n, M;,, > —a, with a < 4o (as
M, + a is a positive super-martingale).

33



34 CHAPTER 2. INTRODUCTION TO STOCHASTIC ALGORITHMS

« When M, is a non-negative super-martingale then M, = M,, + Yo (M — E(Mii1| %))
is a non-negative martingale since P(Vk € N, My — E(My.1|-%) > 0) =1 and

n n—1
E(Myi1]F0) =EMps1 | F0)+ Y, (M —E(My1 | F0)) =My + Y (M—E(My1 | Fi)) = M.
k=0 k=0

Since the non-negative super-martingale M,, and the non-negative martingale M, both
converge almost surely, P(Y ey (M — E(Mgy1|F)) < o0) = 1.

To obtain L”-convergence we need stronger assumptions.

Theorem 2.1.4. Let p > 1. Assume that (M,,,n > 0) is a martingale with respect to %, bounded
in LP (i.e. sup,>qE(|My|") < +o0), then M, converge almost surely and in LP to a random
variable M. when n goes to +oo.

Remark 2.1.2. The case p = 1 is a special case, if (M,,,n > 1) is bounded in L', M, converge
to M., almost surely but we need to add the uniform integrability of the sequence to obtain
convergence in L.

For a proof of these theorems see for instance [Williams(1991)] chapter 11 and 12.

2.1.1 Consequence and examples of uses

We first remind a deterministic lemma know as Kronecker Lemma.

Lemma 2.1.3 (Kronecker Lemma). Let (A,,n > 1) be an non-decreasing sequence of strictly
positive real numbers, such that lim,_, A, = +oo.

Let (&,k > 1) be a sequence of real numbers, such that S, = Y.}, & /Ay converges to some
limit Se when n goes to —+oo.

Then :

1 n
lim — » & =0.
A

Proof. Under the convention Sy = 0, we have & = Ay (S; — S;_1) for k € N* so that

n n n—1 n—1 n—1
Y & Z (Sk—Sk—1) =AnSn+ Y AcSk— Y, Avs1Se =AnSn— Y Sk (Ags1 —Ax) -
k=1 k=1 k=1 /=1 k=1

where the first term in the right-hand side converges to S., as n — oo and AL,, ZZ;]I Sk (Agr1 —Ag)
also converges to S. as a (generalized) Cesaro mean of a sequence converging to Se.

]
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A proof of the strong law of large numbers As an application of martingale convergence
theorem, we will give a short proof of the strong law of large numbers for a square integrable
random variable X. Let (X,,n > 1) be a sequence of independent random variables following
the law of X. Denote by X, = X,, — E(X).

Let .%#, = 0(X,k <n) and M, be :

=[:2%

n
M, =Y
k=1

Note that, using independence and E(X,g) = 0, M, is an .% -martingale. Moreover, using once
again independence, we get :

U |
E(My) = Var (X) Y 7 < e
k=1

So the martingale M is bounded in L?, and using theorem 2.1.4 converge almost surely to M...
Using the Kronecker lemma with Ay = k and & = X/, we deduce that almost surely

) 1 n , ) 1 n
ngrilw;];xk =0 and ngTw;];Xk =E(X).

We can relax the L? hypothesis to obtain the full strong law of large numbers under the
traditional L' condition. See the following exercise (and [Williams(1991)] for a solution if
needed).

Exercise 16. Suppose that (X,,,n > 1) are independent variables following the law of X, with
E(|X|) < +ee. Define ¥, by :
Yn — Xn1{|Xn|Sn}.

1. Prove that lim,, . E(Y,) = E(X).
2. Prove that ¥,"* P(|X| > n) = E([|X|]) — 1, and deduce that
P(3no(w), Vn > ng, X, =Y,) = 1.
3. Check that Var () <E (|X[*1{x|<,) and prove that :
Var (Y,)
¥ VW) <k (xR r(x)).

n>1

where

1 2 2 2
flz) = Z ;S Z (5_n+1)§max(1,z)'

n>max(1,z) n>max(1,z)

Deduce that ¥, Var (¥,)/n* < 2E (|X]) < +oo.

4. Let W, =Y, —E(Y,), prove that } ;, % converge when n goes to +oo, and deduce, using
Kronecker lemma, that

.1
a.s., lim — Z W, =0,
n—+oon k<n

then deduce that a.s., lim,_, 1 % Yi<n Vi = E(X).

5. Using the result of question 2, prove that a.s., lim,_, ; rll Yicn Xk = E(X)
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An extension of the super-martingale convergence theorem For the proof of the conver-
gence of stochastic algorithms we will need the following extension of the super-martingale
convergence theorem 2.1.3 known as Robbins-Sigmund lemma.

Lemma 2.1.4 (Robbins-Sigmund lemma). Assume (V,)u>0, (an)n>0, (bn)n>0, (cn)n>0 are se-
quences of non-negative random variables adapted to (F,,n > 0) such that for all n € N,
E[|Va|+ |bn|] < 400 and that, moreover, for alln > 0 :

E(Vn+l|ﬂn) < (1 +an)Vn+bn_Cn

then, on {ano ap < 40,3 >0bp < -l—OO}, Vi converges to a random variable Voo and 'y, >y cp <
+oo.

Proof. Let:

1
0,=—————forn>0and a_; = 1.
" i (14 @)

The non-increasing sequence of [0, 1]-valued random variables (¢,),>_1 converges a.s. to a
non-negative limit 0t.. Since

1
HZ:O (14 a)

0o > 0 0n {Xy>0ax < oo}
Then define V, = 04,1 Vy, b, = 0:by, ¢, = ac,. Clearly, by multiplication by @, the in-
equality in the hypotheses can be rewritten as :

_ 117 l 1+ _ n7 _
oy, = —e Zk,o n(1+ay) Z e Zk,oak Z e Zkzoak’

E (Vo 1| Fn) <V, +by,—ch.

Since 0 < E (Vn’HL/n), 0 <V <V,and 0 < b, < by, this implies that ¢, <V, + b, so that
¢}, V; and b), are integrable. Moreover, the sequence (M, =V, — Y{_5 (b} — ¢}))n>0 is a super-
martingale.

Now consider for a > 0 the stopping time 7, :

:inf{nzo, Y. (b —c1) >a},
k=0

(the infimum is oo if the set is empty).

When 7, > n, then Y} ( —¢}) < aand M, > —a. The supermartingale (Mpz, )»>0 being
bounded from below by —a, 1t converges a.s. by Remark 2.1.1. Since Y.7_ (b, — ¢}) < Y=o bk,
Tqa = +o0 When a > ) 4 >0 br. So we can conclude that M, = lim,,—, 1o M, exists a.s. on the set
{Yi0bk < 40} C Ugens {Ta = +oo}. Since 0 < b, < by and 0 < ¢, with

-1 1
ch_M -V, +Zbk<M + ) by,
k=0
Yis0b) + Yis0 ) < +ooon the set { Y0 bx < +eo}. Hence on this set V., = lim,,_, 1., V;, exists
a.s.. On {Yy>par < +o0,Y y>0br < 4o}, we conclude that V,, = avi '
Y0k = Laz0 o < g Las0h < +oo. =
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2.2 Almost sure convergence for some stochastic algorithms

2.2.1 Almost sure convergence for the Robbins-Monro algorithm

Theorem 2.2.1. Let (.%,,n > 0) be a filtration and (X,,n > 0) an F,-adapted R¢-valued pro-
cess starting from Xo = xo, where xo € R¢ and evolving inductively by

VneN, Xy =Xy — Yluy1
Under

H1 Hypothesis on the step size sequence: (Y,,n > 0) is a sequence of positive real numbers
such that } ;>0 Yo = +o° and Y.~ }/,% < oo,

H2 Hypothesis on the sequence of random increments: (Y,,n > 1) is a sequence of R-valued
random vectors such that for alln € N

H2.1 E (Y, 1|.%,) = f(X,) where f : R? — R is continuous and such that

W € RY, f(x*) = 0and Vx € R\ {x*}, (f(x),x—x*) > 0.
H22 E <|Y,H_1 — (X)) \3‘}) < 6%(X,) where s*(x) = 62(x) + | f(x)|? is such that

JK < oo, Yx € R?, s*(x) < K(1 + |x—x*|?).

Then lim,,_, 1 . X,, = x*, a.s..

Remark 2.2.1.  * When 3K < o, Vx € R?, s%(x) < Ko(1 + |x|?) then since |x|> = |[x —x* +
x*|2 < 2|x —x*| 4 2|x*|?, we have Vx € RY, s2(x) < Ko(2V (14 2|x*|?)) (1 4 |x — x*[?).

* The main application of this algorithm arise when f(x) can be written as

fx) =E(F(x,U)),

where U follows a known law and F is a function. In this case Y, is defined as Y, =
F(Xy,Uy+1) where (U,,n > 1) is a sequence of independent random variables following
the law of U. Clearly, if %, = 6(Xo,U,...,U,), we have that the sequence (X,,,n > 0) is
Fp-adapted and
E(F(XnyUn—i-l)‘gn) = f(Xn)
Moreover
E (IF (X, Uns1) = £ (X0) [P | F0) = 07 (X),

where 62(x) =E (|F (x,U) — f(x)[?). So H2.2 is an hypothesis on behavior of the expec-
tation and the variance of F(x,U) when |x| goes to +oo.

» The assumption on f in hypothesis H2.1 is fulfilled when f(x) = Vv(x) for a strictly
convex C! function v minimal at point x*.

* The non-negativity of {f(x),x —x*) for each x € RY implies that for € > 0, —(f(x* —
ef(x*)), f(x*)) > 0 so that, when f is also continuous at x*, | f(x*)|> = 0. Hence in H2.1,
the fact that f(x*) = 0 is a consequence of the other assumptions made on the function f.



38 CHAPTER 2. INTRODUCTION TO STOCHASTIC ALGORITHMS

Proof. First note that hypothesis H2 implies that

E (|Y12[Z0) = E (Va1 — FXa) P|-F0) + 1 F (%)

< 5% (Xn) < K(1+ X, —x*[%). .
LetV, = |X, —x*\z. Clearly :
Virt = Va4 % Y1 [ = 20X — X", Yar1).
Taking the conditional expectation we obtain :
E (Vat1|Fn) = V,ﬁ—}’,%E (’Ynﬂlz‘g;n) 2% (Xn — 2" E (Yos1| ),
and, using inequality (2.1), we deduce :
E (Vis1[F0) < Va+ Ko (14+Va) = 20X =", (X)) 22

=V (1+K%) + Ky — 20 (Xn —x*, f(Xn)).

Since (X, X, (X )> is non-negative by hypothesis H2.1, we deduce that E[V,.] <
(1+Ky)E [ ] + K2, so that, by an obvious inductive reasonlng, V, is integrable for each
n € N. So, using Robbins-Sigmund lemma with a,, = b, = Ky? and ¢,, = %, (X, — x*, f(X,,)), W
get (by hypothesis H1, },, | 2 < +o0) that, both

* V, converge to Ve, almost surely,
* Y Y Xn — x5, f(Xn)) < oo

Obviously V., is a non-negative random variable, and we only need to check that this random is
equal to 0.

On the set {V. > 0} we have 0 < V.,/2 <V, <2V, forn > ng(w), so

Zyn X f(Xn)) > inf (x —x*, f(x Z Yn-

n>1 Voo /2< x—x*|2<2Veo n>ng

But 54 % = +e0 and infy_ i, wpcoy, (¥ —x%, f(x)) > 0 (remind that f, and so (x —
x*, f(x)), are continuous and V.. /2 < |x — x*|? < 2V.. is a compact set). So on the set {V., > 0}
we have Y~ 1 % (X, —x*, f(X,)) = +oo, but we know that this sum is almost surely finite. So we
have proved that P(V., > 0) = 0, which gives the almost sure convergence of the algorithm. [

2.2.2 Almost sure convergence for the Kiefer-Wolfowitz algorithm

The Kiefer-Wolfowitz algorithm is a variant of the Robbins-Monro algorithm. Its convergence
can be proved using the Robbins-Siegmund lemma.

Theorem 2.2.2. Let ¢ be a function from R to R, such that
¢(x) =E(F(x,U)),

where U is a random variable taking its values in RP and F is a function from R x R? to R.

We assume that
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e ¢ is a C? strictly convex function such that there exist x* which minimizes ¢ on R and

K < +oo, Vx€R, [¢"(x)| <K(1+|x—x*|) and s2(x) :=E (F*(x,U)) <K(14(x—x*)?).

* (Yu,n >0) and (6,,n > 0) are bounded sequences of positive numbers such that

Y =+, ) 16, < +oo Z—<+

n>0 n>0 n>0

o (UL, U2),n>1) is a sequence of independent random vectors with U} and U? following
the law of U.

We define (X,,,n > 0) by Xo = xo € R and, inductively

F(Xy+68,, UL ) —F(Xy—8,,U%.))

Xn—H :Xn_'}/n 23S

Then
lim X, =x*,a.s..
n—y+oo

Proof. Define V,, = (X, — x*)z, clearly

Vie1r = Voo X1 — X0)* +2 (X — x°) (X1 — Xp1) -

Since }/2
2
(X1 —Xa)” < 452 (F2(Xu+ 80, Up1) + F> (X0 — 80, U, 1))
we have
E (i1 X021 7) < 222(2<xn+6n>+s2<xn—6n>)
< 25”; (24 (X + 8, — )2 + (X — 8, —x*)2)
K n n
:5—1;()( )2 -I-ng-l—l{y,f,
and

E(Vpt1|-Fn) < (1+ 5};") Vi +K75/”2 +Ky

a 5_n(Xn —X*) [¢ (Xn + 3,,) - ¢(Xn - 6n> - 26"¢/(X")}
(X —x*)¢/(Xn)- (2.3)

Now, by the growth assumption on ¢”,

9(x+8) — 9 (x— 8) — 289" (x)| =

Y " 2 *
(Z)dzdy’ <K& (14 |x—x*|+]6]).



40 CHAPTER 2. INTRODUCTION TO STOCHASTIC ALGORITHMS

Therefore

|(Xn_X*) [¢(Xn+5n>_¢(xn_6 ) 25n¢ ( )} | <K52|X |(1+|XH_X*|+6FL)
<2K82(X, —x*)?+ w

using that | X, —x*|(146,) < (X”_xz*)zﬂ + (X”fx;)%s'% . Finally we obtain

Ky,
52

L SACER)
2

E(Vii1] %) < Vy ( b ) +K3;”2 +KyP+ — 2% (X, — x) ' (X,).

Note that since x* minimizes ¢, ¢’(x*) = 0 and, by strict convexity of @, (x —x*)¢'(x) =
(x —x*)(¢'(x) — ¢'(x*)) is positive for x € R\ {x*}. By continuity, for each &€ € (0,1),
inf 1 (x—x*)¢’(x) > 0. Setting

e<|x— x*\<

. a, _KVZ L 2K %6,

K9 (8,483
« b, =K% 2+KYn %,

* Cp= 2'}/n(Xn —X*)(P/(Xn>,

2
we have that a,, b,,c, are non-negative, Y~ a, = K (2,,21 % +2Y,>1 yn5n> < o0 and since

the sequence (0,),>1 is bounded by some finite constant C,

Z CZZ <+ooand Zyn53<C22yn5 < oo

n>1 n>1 n>1 n>1

s that ¥,» 1 by < +eo. Last E[V, ] < (1+K7"+2Kyn5>]E[ )+ KB+ Ko 4 K08

which, combined with an obvious inductive reasoning, ensures that V,, is 1ntegrab1e foreachn €
N. By the Robbins-Sigmund lemma, we obtain that V,, converges to Vo and },,~ | ¢;; < +o0. Now
using the same argument as in the proof the convergence of the Robbins-Monro algorithm, we
can conclude that P(V.. = 0) = 1. This ends the proof of the convergence of the algorithm. [

2.3 Rate of convergence of stochastic algorithms

2.3.1 Introduction in a simplified context

Robbins-Monro type algorithms are well known to suffer from problems of speed of conver-
gence. We will see that these algorithms can lead to central limit theorems (convergence in
C/+/n) but not for an arbitrary choice of %,: in some sense, %, has to be well chosen to have an
optimal rate of convergence.

It is easy to show this in a simplified framework for time-steps of the form (yn = ﬁ)

with o >0 and § < B < 1. We assume that d = 1 and f(x) = E[F (x,U)] with

n>0

F(x,u) = cx+u,
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where ¢ > 0 and U follows a Gaussian law with mean 0 and variance 6% > 0. The standard
Robbins-Monro algorithm can be written as

Xn—l—l =X, — Y (CXn + Un—H) .

In this case f(x) = cx and, using Theorem 2.2.1, we can prove that X, converges almost surely
to 0 when n goes to +oo.

To obtain more explicit computations we replace the discrete dynamic by a continuous one
dX; = —y (cXidt + 6dW;) , Xo = xo.

where 3 = 5. Using a standard way to solve this equation, we compute

_a
(¢+1)
d (ecf(; ’)/SdSXt) — eCf(% Ysds [C%Xtdt _ C%Xtdt _ r}/tcd‘/I/t] — _ec.fé YSdY'}/tGdVI/[

Hence
t t S
X, = e_cfo Ysds (XO _ G/ ecfo Yudu%dw/s) )
0

Case f =1. Then
ecfé Yeds _ ec(xfé h%lds _ (t + l)c(x'

So, we get
X0 oo ‘ 1
X = — dWs.
! (t+ 1)@ (t-i-l)co‘/o (s+ 1)I-ca™™
An easy computation leads to
22 t 22 2ca—1
o o d oo t+1 -1
Var (X;) = / > = X (t+1)
(t—!— 1)2ca 0 (S+ 1)272ca (t—!— 1)2ca 2c00 — 1
with the last factor equal to In(r + 1) when 2ca = 1. Hence X, ~
202 (41201
‘/1/1 ((t:{))c(xa (Zil()Xthx X 2c00—1 )

We can now deduce the asymptotic behavior of X; as t — +oo

o if 2ca > 1, v/tX; converges in distribution to a Gaussian random variable distributed
. 22
according to .4 (O &)

' 2co—1

o if 2cax < 1, t°*X; converges in distribution to a Gaussian random variable distributed
. 202 L . . .
according to 4] (xo, %) , which is worse than the awaited central limit behavior.

We can check on this example (see Exercise 18), that when 2ca < 1, 1“*X; converges in [*toa
random variable.

We will see in what follows, that we can fully describe the asymptotic behavior of the discrete
algorithm : when « is large enough, a central limit theorem is true and when « is too small an
asymptotic convergence worse that a central limit theorem occurs.

The result on which the proof relies is the central limit theorem for martingales (see below).
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ca 1p_
Case % < B < 1. Then e"fé%ds — el_ﬁ((lth) 1)

co — t
X :e_lfﬁ((H'l)1 -1 (x()—GOC/ el % ((14s)! 7P - 1)(1+S)BdWS).
0

and

An easy computation leads to

o255 ((1+1)1-P—1) Var (Xi) :/’el (145)1-B— D(145) 2P ds
0

o2o?

1 2 1 _ 1=h
_ oiop ((1+3) 1) - +/ ) 1)(I—H)_(l“Lﬁ)ds.
2ca s 1-B_ =B _
Since for 7y € [0,1] Joe =BT ()-8 < e A V(1) Pds | (142g) ()
0 b 2Zca ((115)1-B 1) - 2e (1 15)1-P 1) (1+19) 2P

Joel=P (1+s5)~2Bds Joel=P (1+s)~2Bds

with the second term in the right-hand side arbitrarily small for ¢y large enough and the first term
2co —B_
((1+)1=P 1) _
. . . . Tel1-B (1+B)
of the right-hand side going to 0 as ¢ — oo for fixed tg, lim; e, 205 ( (m)l—ﬁ,l()l +5) 95 —

Joel=P (1+s)~2Bds
and Var (X;) ~ %(1 +1)7B. We conclude that as r — oo, tP/2X, converges in distribution to a

. . o . 2
Gaussian random variable distributed according to .#] (O, 62 Co‘)

Practical considerations When using a Robbins-Monro style algorithm, in order to have a
convergence with an error of order \[, the parameters (o, 3) of the stepsize sequence have to

be chosen with B = 1 and o large enough. When 8 = 1 and « is too small or when 2 5> <B <1,
then the error gets larger.

2.3.2 Square integrable and locally square integrable martingales

Definition 2.3.1. Let (Jn,n > 0) be a filtration on a probability space. An ¥ -martingale
(My,,n > 0) is called a .7 -square integrable martingale if, for all n > 0, E(M?) < oo,

In this case, we are able to define a very useful object, the bracket of the martingale. We will
see that the bracket of a martingale gives a good indication of the asymptotic behavior of the
martingale. This object will be useful to write the central limit theorem for martingales.

Proposition 2.3.1. Assume that (M,;,n > 0) is a square integrable martingale. There exists a
unique, predictable, non-decreasing process ((M),,n > 0), equal at 0 at time O such that
M? — (M),

n

is a martingale. Moreover (M), can be defined by (M)y = 0 and
(M)t — (M), =B (My1 — Ma)?|. ) = E (M7, 1| F) — M.
Predictable means here that (M), is .%#,_|-measurable.
Proof. If A, is .%,-measurable, then

Mr% —An =K (MF%-H _An+l|tgn> <:>An+l _An =E (Mi%—‘r] |ﬁn) _M2'

n
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This implies that (M), = Y (E (M}|Fx_1) —M}_,),n > 0) is the unique predictable process
equal to 0 at time 0 such that (M2 — (M),,n > 0) is a martingale.
Moreover, using the martingale property of M, one can check that

E (MI%-F] |§n) _Mr% =K (Mr%—b—l |°§n) —2M,E (Mn+1|ﬁn) +M5 =K ((Mn+1 —Mn)2|gn) > 07
which proves that (M), is non-decreasing. O

The following theorem relates the almost sure asymptotic behavior of a square integrable
martingale M,, to the one of its bracket.

Theorem 2.3.2 (Strong law of large number for martingales). Let (M,,n > 0) be a square
integrable martingale with bracket ((M),,n > 0) and let (M)e = lim,_ 1 o(M),. Then

* on {{M)w < +o0}, M,, converge almost surely to a random variable denoted as M.
* on {{M)e = +oo},

n

lim =0, a.s. and, more generally, lim —————— =0, a.s.
n—too (M), n=te Sa(M),)
as soon as a(-) is a non-negative, non-decreasing function such that [, 5 +‘Z( < T

Remark 2.3.2. The first statement is an extension of the a.s. convergence property of martin-
gales bounded in L? and its proof relies on this result. Indeed if (M,,n > 0) is a martingale
bounded in L2, then E((M),) = E(M?) — E(M3) < sup;.nE(M?). By monotone convergence,
one deduces that E((M)w) < supycy E(M7) < +oo so that P((M)e < o) = 1.

Proof. The random variable
7, =inf{n > 0,(M),+1 > p}

is a stopping time as (M) is predictable. So Mz, and M,%Mp — (M)nnz, also are martin-
gales. Note that, by definition of 7, and since (M)o = 0, (M), < p so that M,%Mp =
M,%Mp — (M)unz, + (M)nnz, is integrable. Moreover, for all n > 0,

E <M;3/\r,,) =E (Mg - <M>O) +E (<M>nm,,) = E(M(%) +E (<M>nmp) < E(M(%) +p.

So (Mypz,,n > 0) is a martingale bounded in L? so it converges when n goes to +oco. So on the set
{Tp = +oo}, M,, itself converges to a random variable M... As this is true for every p, we have
proved that M, converge to Ms, on the set Up>o {7, = +oo}. But {(M)e < p} = {1, = +oo},
SO

{{M)eo < o0} = Uy {(M)es < p} = Upg {7 = +o0}.
So, on the set { (M) < +eo}, M, converge to M., which proves the first point.
For the second one, we will consider the process

N — i My — My
L=y ——
=1V 1+a((M)y)
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k=M

Since \/1+a((M);) > 1 and My — My is square integrable, so are oty ; ) and, in turn,
N,,. Since (M) is predictable,
My — My 1
= = = —————RE(My—My1|F-1) =0
I+a((M)) I+a((M))
and (N,,n > 0) is a square integrable martingale. We can compute its bracket :
(Mn+1 _Mn)2 ) <M>n+l - <M>n
N)pr1—(N),=E (— Fn | = .
N =00 =B T a0y} | 7)) = T a0y
Hence, with the monotonicity of a,
(M) — (M) d dt T dt
N), = / <[ < oo,
o= 2 0 = X a0 b e

S0 (N)w < 400, a.s., and, using first part of this theorem, N, converge a.s. to Nwo. The
monotonicity of a combined with [;™ +a( g < te implies that lim;_, ;. a(t) = +oo so that

on {(M)ew = +oo}, limy_, yea({M);) = +oo.

Using Kronecker’s lemma with & = My — M;_ and Ay = /14 a({M)}), we conclude that, on
M)o = +oo}, i oMo — (=1 o~ The fi is obtained for th
{{M)co = 400}, lim,, 1 O 0=1lim,_+ o The rst case is obtained for the
choice a(t) = 1> O

Application to the strong law of large numbers Assume that (X,,,n > 1) is a sequence of
independent random variables following the law of X such that E(X?) < 40 and Var (X) > 0.
Then

M, =X+ -+ X, —nE(X)

X)- As, using independence,
), (M), =nVar (X). S0 (M)e = o0
which gives the strong law of large

is a martingale with respect to %, = o(Xi,...,
E ((Mnﬂ _Mn)2|§n) = E((Xu11 —E(X))?|#,) = Var (X
and using the previous theorem we get lim,,_, ;o M, /n = 0,
numbers.

Moreover using a(t) = t'*¢, with &€ > 0, we get

lim \/ﬁ{

Xi+-+X,
n

n— oo n€/2

—E(X)} —0,a.5..

So we obtain a useful information on the speed of convergence of w to E(X).
Nevertheless, to obtain the central limit theorem a different tool is needed.

Extension to locally square integrable martingales We can extend the definition of the
bracket for a larger class of martingales : the locally square integrable martingales. We now
give some definitions.

Definition 2.3.3. A process (M,,n > 0) is a local martingale (resp. a locally square integrable
martingale), if there exists a sequence of stopping times (6,,p > 0) such that

* O) is non-decreasing in p and, a.s., goes to % when p goes to .
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* (Mppo,,n > 0) is a martingale (resp. a square integrable martingale) for each p > 0.

Such a sequence is called a localizing sequence of stopping times for the local martingale (resp.
locally square integrable martingale) (M,,n > 0).

Of course, a locally square integrable martingale is a local martingale.

Proposition 2.3.3. If (M,,n > 0) is a locally square integrable martingale, there exists a
unique predictable non-decreasing process ({(M),,n > 0), equal at 0 at time 0, such that (M? —
(M),,n > 0) is a local martingale. This process is (M), = Y1_ | E [(My — My_1)*|Fi—1] ,n >
0). If o is a stopping time such that (M? = Myns,n > 0) is a square zntegrable martingale,
then (M®), = (M)ppo-

Proof. The process (M), = Y}_E [(My — My_)?|.F_1] is predictable and non-decreasing.
At this stage, nothing guarantees that P((M), < +o0) = 1, a property that we will soon check.
For a stopping time ¢ such that (M? = M,,s,n > 0) is a square integrable martingale, using
that {0 > k} € F; 1 and 16> (M — M) = (M2 —M,f_l)z, we have

n/\G -

n
Voo B (M —Mi1)?| Fiy] = Z [Looiy (M — My 1) | 1]

—MZ )| T ] = (MO)n.

i
-l

Let now (0, p > 0) be a localizing sequence of stopping times for the locally square integrable
martingale (M,,n > 0). We have

P((M)n < +o0) 2 P((M)n = (M%)a) 2 P(0p 2 1) = 1.
Moreover, (M,%AGP — (M)npo, = (My?)2 — (M%),,n > 0) is a martingale for each p > 0, so that
(M? — (M),,,n > 0) is a local martingale.

To check the uniqueness of the bracket of (M,,n > 0), we suppose that (A,,n > 0) is a
non-decreasing predictable process such that Ay = 0 and (M2 — A,,,n > 0) is a local martingale.
Let (1,,p > 0) be a non-decreasing sequence of stopping times going to +oo with p such that
(M;%/\n,, —Anan,,n > 0) is a martingale. By uniqueness of the bracket of the square integrable
martingale (M,"” "o — = Mupn,nc,,n > 0) and since (Mr%/\np e, —Anan,yne,, it = 0) is a martingale,
Anrnpne, = (M%), = (M )nmp/\gp and uniqueness follows since 1, A 0, goes to +oo with
p- ]

Proposition 2.3.4. If (M,,n > 0) is a locally square integrable martingale, then (T, =
inf{n > 0,(M),1 > p},p >0) is a localizing sequence such that, for each p €N, (Mypz,,n >
0) is a martingale bounded in L* and (M,%Mp (M)npz,,n > 0) a martingale bounded in Ll.

Proof. Let (04,9 > 0) be a localizing sequence of stopping times for the locally square in-
tegrable martingale (M,,n > 0). Since (M%), = (M)upg, by Proposition 2.3.3, (M; G,
(M)nne,,n > 0) is a martingale and

E(Mr%/\rpAoq) E(Mg) +E((M)urz,n0,) < E(MG) + p.
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Since E(M? AT Lig,>nnt, }) <E(M2,. A(,q) and, by monotone convergence, IE(M? T, l{oq>nmp})
converges to E(M,%Mp) as g — oo, one concludes that E(Mg/\rp) <E(M3)+ p so that (Mnpz,,n >
0) is a martingale bounded in L? and (M,%Mp — (M)npz,,n > 0) a martingale bounded in L.

Moreover 7, is non-decreasing in p and a.s. goes to +co when p — oo since for p > (M),
Ty 2> 1. U]

The strong law of large number remains true and unchanged for martingales locally in L?.

Theorem 2.3.4. Let (M,,n > 0) be a locally square integrable martingale and denote by
((M),,n > 0) its bracket, then

o on {{M)e :=1lim,_1(M), < e}, M, converge almost surely to a random variable
denoted as M.

e on {{M >o<, = +oo}, as soon as a(t) is a non-negative, non-decreasing function such that
I s +a j < tee

n

lim ——"— =0,a.s..
n=teyJa((M)n)

Proof. We check the first assertion like in the proof of Theorem 2.3.2 dedicated to the square in-
tegrable case, using that, by Proposition 2.3.4, for 7, = inf{n > 0,(M), 11 > p}, (Murz,,n > 0)
remains a martingale bounded in L.

The second assertion is proved along the same lines as in Theorem 2.3.2 by replacing the first as-

) ) M —M,
sertion of this theorem by the current one, once we check that ( N, =Y} | ———=— 1 )
v/ 1+a(({

is a locally square integrable martingale. Let (o,,q > 0) be a localizing sequence of stopping
times for the locally square integrable martingale (M,,,n > 0). We have

2
" Mipo, _M(k—l)/\oq>

]E(Nr%/\cq) =K (Z

izt V1+a((M))
. ! (]‘/Ik/\crq_1\/I(k71)/\cq>2
- ZE( L+ a((M)) )
< Mipo, —Mp—1)pa,

) — a
V(1 +a((M),) 1+a(<M>k))E(Mqu M(kl)Achk1>>
)

)
(M, /\oq_M - /\Gq>2 Y
(et ) =B (v

I
1=
=

~
I
—_

I
=

(B (MEs,) ~E (Mioi)na,) ) = E(M3ng,) ~ E(M3) < +oo.

~
I
—_

O

Exercise 17. Let (X,,n > 1) be a sequence of independent real random variables following
the law of X, such that P(X = £1) = 1/2 and by (4,,n > 1) a sequence of random variables
independant of the sequence (X,,n > 1). Denote by .%, = 6(Xi,...,Xy,A0,--.,As—1). Define
M, by

n—1

M, = Z A«ka—H-
k=0
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1. Prove that M is an .%,-martingale if and only if E(|A;|) < oo, for all k > 0.
2. Prove that M is a L>-martingale if and only if E (A?) < oo, for all k > 0.

3. Prove that M is bounded in L? if and only if /% E (A2) < +oo.

4. Prove that M 1s a locally L? martingale if and only if, |A;| < oo, for all k > 0.

5. Give an example of a martingale locally in L? which is not a martingale.

2.3.3 Central limit theorem for martingales
We begin by stating the central limit theorem for martingales.

Theorem 2.3.5. Let (M,,n > 0) be a locally square integrable martingale and a(n) be a se-
quence of positive real numbers increasing to +oo. Assume that

1
Bracket condition : lim —— (M), = 67 in probability. (2.4)
n—-+eo a(n)

Lindeberg condition : for all € > 0,
. R 2 P . -
nglfw D) k; E ((AMk) 1 {|AMk\Ze W} ’ Jk_1> =0, in probability. (2.5)

Then :
M,

Va(n)

where G is a Gaussian random variable with mean 0 and variance 1.

converge in distribution to oG,

Remark 2.3.5. Roughly speaking in order to obtain a Central limit theorem for a martingale, we
need to get, first, an asymptotic deterministic estimate for (M), ~ a(n) when n goes to infinity
and then, to check the Lindeberg condition which ensures that no increment of M is too large to
prevent the central limit behaviour.

Exercise 19 gives a proof in a simple case in which the role of the martingale hypothese
is clearer than in the detailled proof which is given page 57. For a complete discussion on
martingale convergence theorem, we refer to [Hall and Heyde(1980)].

Application to the standard case It is easy to recover the traditional central limit theorem
using the previous corollary. For this, consider a sequence of independent random variables
following the law of X such that E(X?) < 4. Let a(n) =n and M, = X; +--- + X, —nE(X).
M is a martingale and its bracket (M), = nVar (X) (so obviously (M), /n converge to Var (X) =
o21). It remains to check the Lindeberg condition. We have

%éE (szl{\Xk\ZE\/ﬁ} yk71> =E <X21{|X|25\/ﬁ}> '

where the right-hand side converges to 0 when 1 goes to o by Lebesgue’s theorem since X? is
integrable.



48 CHAPTER 2. INTRODUCTION TO STOCHASTIC ALGORITHMS

2.3.4 A central limit theorem for the Robbins-Monro algorithm

We can now derive a central limit theorem for the Robbins-Monro algorithm. We will only
deal with the uni-dimensional case. This part follows closely [Duflo(1997)] (or [Duflo(1990)]
in french).

Theorem 2.3.6. We consider a sequence (U,,n > 1) of i.i.d. RP-valued random vectors, a
Junction F : R x R — R and set Y, = ;55 for n € N. We define (X,,n € N) by

Xn+l =X, — YnF(XnyUn+1)a Xo=x0 €R.
We assume that

» Vx € R, F(x,U;) is square integrable and f(x) = E (F (x,Uy)) is C* on R.

W*F eRs.t. f(x*)=0and (f(x),x—x*) > 0 for x # x*.
o f/(x*) =c, where ¢ > 0.
 6%(x) := Var (F(x,U})) is continuous at x* and

IK < oo, Vx € R, s(x) := 02(x) + f2(x) <K (1+]x—x*|?).

It exists 1 > 0 such that, for all x € R
VI (x) = E(|F(x,U1) = f(x)7T) < oo,
and sup,~ov>t1(X,) < 4o0 a.s
nZO n e
Then X, converges almost surely to x* and

e if ca > 1/2, \/n(X, —x*) converges in distribution fo a zero mean Gaussian random
variable with variance o*c*(x*) /(2ca — 1)

* ifco < 1/2, n“¥(X,, — x*) converges almost surely to a finite random variable.

Remark 2.3.6.  * For F(x,u) = cx +u and U ~ .4{(0,6%), o?(x) = 6> so that
a’6?(x*)/(2co — 1) = a?>6?/(2cae — 1) and the asymptotic variance matches the one
obtained by formal computations in Paragraph 2.3.1.

2 ~2(,%
* It is easy to optimize over E]i, +oo[ the asymptotic variance g(ot) = %(fl). Indeed
o—1)2 .. . . ..
(Zé‘zx(x*l)) g'(a) =2a(ca — 1) so that the derivative is negative on ]2177 %[ and positive on

]L,-+eo[. The optimal choice is thus g(1/c) = 62(x*) /c?.

* The same type of CLT can be obtained when %, = ﬁ, with 1/2 < B < 1. In this

case it can be proved that, for every a, (X, —x*)/\/¥, converges in distribution to a

. . . B/2
Gaussian random variable, whatever the value of a. Since 1/ V= %, the order of

convergence is increasing with f3.
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One has
Xpi1 —x =X, —x" — Y F (X, —x* +x*,U,11) forn € N,

Hence replacing ((X,,n > 0),F (x,u), f(x)) by (X, —x*,n > 0),F(x 4+ x*,u), f(x +x*)), we
may suppose that x* = 0. Our algorithm writes as

Xn+1 - Xn - YnF(Xny Un+1)
= Xn(1 — CYnl{nzca}) + Y% [f (Xn) = F (X, Upt1)] + T [Cl{nzca}Xn —f(Xn)} .

Now, denote

* AN,+1 = f(Xn) — F(Xy,Upt1) (AN, is a martingale increment for the filtration .%, =
G(U17"' 7Un) ’

* Ry = clgy>cayXn — f(Xn) (since f(x*) =0, f/(x*)=cand x* =0, for n > ca, R, =
FO) 4 f1(") (X, — x*) — £(X,) will be of order (X, —x*)? as f is C?),

* 0 =1—chlfy>cq) and B, = [T{_, 04 with convention f_; = 1.

With these notations

Xn—H Xn Y Y
ﬁn ﬁnfl * ﬁnANn+1 * an
SO
n—1 n—1
X, = B (Xo +M,+ Y ER,() where M, = ¥ X AN, ;. 2.6)
k=0 Pk k=0 Br

The main point to obtain the asymptotic behavior of X, is now to estimate the bracket of the
martingale M,,. Clearly

Y%
k=0 Fk

and we already know from Theorem 2.2.1 that X; converges to x* = 0 as k — oo, so, by continuity

of &, limy_, . 62(Xg) = 62(x*) a.s.. In what follows, we suppose that | 6 (x*) > 0| so that we

2 2 <2
deduce from the next lemma that as k — oo, 5 62(X) ~ %kz(ca_l) a.s..

k
Lemma 2.3.7. Let ¢, & be positive numbers . Assume that Y, = ;¢ and define B, = TTj_o(1 —
cYilfi>cay) with convention By = 1. Then there exists a positive number B such that

. col . l—co __ g
ngTwﬁnn = B and ngTw(yn/ﬁn)n =3
Proof of Lemma 2.3.7. The function h(y) = y+In(1 —y) is such that /' (y) = 1 — 15, #"(y) =

—ﬁ and 1(0) = 1’ (0) = 0. Hence for x € [0,1), h(x) = [y (x—y)h"(y)dy and

1 x2

X
0>hx)> ———= —y)dy = ————.
> 1) > = ) ey =3
Soifk > 2ca, ¢y < 1/2 and

0>1In(1 —cy) +cp > =227,
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Hence Y/_o(In(1 — %l cq)) +cW) converges as n — oo and so does

n n n 1
kgbln(l — Yilfi>cay) +cotlnn = kz‘b(ln(l — Yilgzcay) T %) +ca <lnn - kgf) k+—1>

since Inn — Y7, ler_l converges to minus the Euler constant as n — c. By continuity of the
exponential function, we deduce that

lim B,n““ =B > 0.

n—r+oo

T 1 —ca __ an a
and2* BN = i) B n—>_>w 3 U]

The case when 2cor > 1. In this case we are interested in the convergence in distribution of
VX, —x*) = /nPu-1 (Xo +M,+Y, (1) g" Rk> to a Gaussian random variable. The main step

will be to apply the central limit theorem for the martingale M. So we have to get an asymptotic
estimate for its bracket (M),,.

Yk

2
Since B o2 (Xy) ~ a_()kz(ca 1) with 2(cot — 1) > —1, the series diverges and by a com-

parison Wlth integrals, we deduce that

n—1 A2 2. 2(.x 2. 2(. % 2co—1
Y 2 o o (x )/" 2ca—1) ‘o (x*) n
My, =Y 50°(X) ~ —5— dy = x asn — 00 8.
M)n =0 Be 0 B? 0 Y B? 2ea—1 8"

Setting a(n) = n>***~1 /B2, we have

ncaﬁn— 1 % Mn
B a(n)

VB 1My = 2.7)

ncaﬁnfl
B

where lim,,_c0 = 1 by Lemma 2.3.7. Moreover, lim,_,..a(n) = 4oo since 2cot — 1 > 0

and )
M *
lim (M) _ %0 (x ),a.s..
n—-+eo a(n) 2co— 1

So the bracket condition needed to apply the central limit theorem to the martingale (M,,n > 0)

is satisfied. If the Lindeberg condition is also satisfied, then % converges in distribution to a
an

centered Gaussian random variable with variance = a( . By (2.7), \/nBu—1M,, also converges

in distribution to this Gaussian random variable. Since, by (2.6),

1

\/_X _\/_ﬁn 1Xo+\/_ﬁn 1M, —f—\/_Bn 12

Rk7
k= oﬁk

to conclude (using Slutsky’s lemma) that /nX,, converges in distribution to the same random
variable, it is enough to prove that /nf3,_1Xo converges to 0 in probability (the almost sure

convergence to 0 even holds since /nf, ~ Bn2—% as n — oo with l —coe < 0) and that
VnBu—1 Y- é 2;" Ry also converges to 0 in probability. This part is heavﬂy technical and will
not be proved here.
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|AN; 1|7

Let us check the Lindeberg condition. Since 1 {| ANy [2e m} < e/a(n)’ we have
k+11Z an
1 n—1 5
—— Y E| |AN, 1 F
it L (85 P e 2

n—1 1

E (|ANee1 7] )

oD Ml
a(n) = (ey/a(m)n
1 el Yk 24 24N | o
- V(& E( F(Xe,Ut) — f(X ‘J )
ena(n)]_,_n/zkzo(ﬂk) | ( k k+1) f( k)’ k
> _gna(n)1+’7/2 = ﬁk )
where L(®) = sup;~,v>*"(X;) (which is supposed to be a.s. finite by hypothesis). By Lemma
247
2.3.7, we have <%) ~ (%)2+n k(ca=1)(24n) a5, as k — oo. We want that (ca—1)(241) >

2+1
—1 to apply the comparison with mtegrals to Y (g" > . When ca > 1 this is satisfied.

Otherwise this is equivalent to n < 1_ a
so that, up to possibly decreasing 1) (which makes the hypotheses weaker), we may suppose
that the inequality is satisfied. Hence

n— 2
Zl (E) : - ! nle@ D a5 71— oo,
=0 \ Br B> ((ca—1)(2+m)+1)

With a(n) = n*“*~1 /B2, we get

1 n—1 )
M};)E(|Mk+1| 1{|Mk+1|28 i)

_ 2
<L( )Bz+n ~(ca—1/2)(247) Z( )+n

= Ten

N L(w)a*n /2
eN((ca—1)(24+n)+1)
And this ends the proof that the Lindeberg condition is fulfilled.

The case when 2ca < 1. Since, by (2.6), n°*(X, —x*) = n“*B,_, (Xo +M,+ Y ég" )

where, by Lemma 2.3.7, n°*,, | — B as n — o, it is enough to check that M, and };— (1) g"R
converge a.s. as n — oo. For this, we first check that
2 2 252
%10~ (Xnm1) @
as., (M), —(M),_; = =1 5 1n ~ B2( ) n*%=2 as n — oo
o

Since 2cot —2 < —1, (M) < o0 a.s. and, by the strong law of large numbers for martingales
(see Theorem 2.3.4), M, converges a.s. to Me.. As |R;| < K|Xi|?, we have

% p Y Kc(xfl 2) ag o
E(B )<Kl3k (1Xp|*) ~ =k TE(|Xi[?) as k — oo.

So if we can prove that there exists § > ca such that sup; KPE(|X;|?) < +oo, we will deduce the
absolute convergence of Zz;é %Rk. For a proof of this point we refer to [Duflo(1997)].
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2.4 Exercises and problems

Exercise 18. We are interested in at the solution of

dX; = =Y (cXidt + 0dW;) , Xo = x. (2.8)
where ¥ = %5, and (W;,t > 0) is a Brownian motion and ¢, ¢ and o are positive real numbers.
1. Prove that ca .
=0 +x1)ca ot 1)0&/0 (s aw,

and that X, is a Gaussian random variable.

2. When 2ca > 1, prove that v/1X; converges in distribution to a Gaussian random variable
. . Gzaz
with mean 0 and variance ea=T)"
3. When 2ca < 1, prove that as t — oo, (4 1)“*X; satisfies the Cauchy criterion equivalent to
convergence in the Hilbert space L2. The limit can be denoted x — oot [;7 (s + 1)~ 1dW.
Deduce that °*X; also converges in L? to the same random variable.

Exercise 19. In this exercise, we prove the central limit theorem for martingales in a special
case.

Let (M,,n > 0) be a martingale such that My = 0 and sup,,~ | |AM,,| < K < 4-o0, where AM,, =
M, — M, and K is a constant, which ensures that (M,,n > 0) is square integrable. Assume
moreover that

. M

fim M _ o, as. (2.9)
n—+ec n

where o is a positive real number.

1. For A € R, let $;(A) = logE (eMMj

X, = exp (an - i ¢j(/l)> )
=1

F j_1> , prove that

is a martingale.

2. We want to extend ¢;(z) to complex numbers z. For this, we define the complex logarithm
around 1 as, for |z] < 1/2

k
log(1+72) = Z(—l)k“%. (2.10)
k>1

We this definition, one can prove that ¢°¢(1+2) = 1 4z for |z| < 1/2, e denoting the com-
plex exponential defined by e* =} i—]: Check that for A € R, |¢* —1| = | fo)L iedt| <
|A| and deduce that for u € R,

‘E(eiuAMj

%_1) - 1] < Kul,
For |u| < Cx = 5, prove that we can define, using the definition (2.10)

2K°
(Pj(iu) = IOgE <€iMAM-i ji*l) s

and that we have ¢% () = E (e"AMi|.7;_y).
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(exp {iuM,, - i (pj(iu)} > 0>
=1

is a (complex) martingale.

3. Prove that, for |u| < Ck,

4. Le u be a given real number, show that for a n large enough

el ” i(iu/v/n =
oo o)

5. Prove that, for x a complex number such that |x| < 1/2

E

3
|x| Y i < and|log(1—|—x) x\< Z|x|’<<yx|2

keN keN

e* —1—x—

6. Show that, for n large enough

2 K3 3
>—1+;—nE((AMj)2|ﬁj,1) < “

']E(ef _W’

and that, for a ¢ > 0 (depending on u), for n large enough, for all j <n

(s

7o) 1|5, 2.11)
n

() (5]

() Eatanrion o]

and

Deduce, using (2.9), that, for a given u
i iu o2u?
li | — ) =——,a.s.
. X () =S
7. Using (2.11), prove that

lim E

n—r+oo

exp (Gzzuz) _exp (-jéq)j (%)) u —0.

exp (iu% —I—#) —exp (zu% —jé% (%))] =0,

then that lim,;,_, | £ [exp (zu%)] = exp <— "22”2>. Conclude that % converges in dis-

tribution to a Gaussian random variable.

Deduce that

lim E

n—y+oo
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Exercise 20. Assume that (u,,n > 0) and (b,,n > 0) are two sequence of positive real numbers,
¢ > 0 such that, foralln >0

c
Up+1 S Up (1 — Zl{n>c}) +bn

1. Let B =1/ (IT}={ (1 — £14=c})) with convention B = By = 1. Prove that

lnl

_20 Zﬁk+1bk<_+zbk
n —

2. Assume that sup, .y n%b, < o, with o < 1. Prove that sup,,cy 7"\ (* D, < oo,

Exercise 21. We assume that (X,),>; is a sequence of real random variables that converges in
probability to X and that Vn > 1, P(|X,| < X) =1 with E (X) < +oo.

1. Prove that for each k € N*, P(|X| < X + 1) = 1 and deduce that P(|X| < X) = L.
2. Deduce that for A > 0,

E(|X, —X|) <E(|(-A) VX, AA — (—A) VX, AA|) +2E(XI{Y>A}).

3. Prove that limy ., E(X1 (x>a}) =0.

4. Deduce that lim,_, 1 E(|X, — X|) =

Exercise 22. We assume that (X,),>; is a sequence of real random variables that converges in
distribution to X and that
lim supIE (|X ’1{\X |>A})

A—rteo >

1. Prove that sup,» E(|X,|) < +oc and, considering the continuous and bounded functions
x> x| AA with A > 0, that E(|X]) < sup,~; E(|X,]).

2. Remarking that
[E(X) —E(Xa)| < [E((-A) VX AA) —E((—A) VX AA) [+ E (IX[1(x2a1) +E (Xl 1jx, 151)
deduce that lim, 1 E(X,) = E(X).

3. What is the limit in distribution of |X,,| as n — eo? Deduce that lim,_, 1. E(|X,,|) = E(|X]).

PROBLEM 1. Une méthode de Monte-Carlo adaptative

We want to compute E (f(X)) where f : R” — R is measurable and bounded and X is a
RP-valued random vector.

We suppose that we have some representation
E(f(X)) =E(H(f;A,U)), (2.12)

where A € RY, U = (Uy,...,U,) is uniformly distributed on [0,1]¢ and for each A € R,
H(f;A,U) is a square integrable random variable. According to question 2?2, such a repre-
sentation generally holds.
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1. Let us suppose that the law of X is simulable in the sense that there exists some function
v : [0,1]¢ — RP such that w(U) has the same distribution as X. We denote by .#" the
cumulative distribution function of the standard normal law and by .# ! its inverse.
What is the distribution of G = (Gy,...,G;) where G; = .4 ~1(U;)? Show that (2.12)
holds with

A2

H(f;2,U) = e~ BV U5 £ (y( o (= U) + M), ooy V(A U+ Aa)) -

Let (U",n > 1) be i.i.d. according to the uniform law on [0,1]¢ and .%, = o (U*,1 <k <n).

2. For fixed 2 € R?, how can we estimate E (f(X)) using (H(f;A,U"),n > 1)? How can
we estimate the corresponding error? In this regard, what is an optimal choice of A ?

Let now

M, = Z f A‘Z7Ul+l E(f(X))]7
where (A4,,n > 0) is .%,-adapted (Ag is constant). We suppose that

for all A € R?,s>(A) = Var (H(f;4,U)) < +oo,

where 5% : RY — R is continuous. (2.13)

3. When 3K < oo, VA,u € RY, |H(f;A,u)| <K, show that (M,,,n > 0) is a square integrable
martingale with bracket (M), = Y"1 s*(%;).

4. Show that under (2.13), (M,,,n > 0) is a locally square integrable martingale with bracket
(M), =Y"") 5*(A;) (one can use the family of stopping times 4 = inf{n > 0,|4,| > A}
and check that (M, ,n > 0) is a square integrable martingale).

5. Show that, on the set { (M) = +o0 and Je € (0,2) : lim, 0 n® (M), =0},

lim — ZH /3 2fzaUl+1) E(f(X))

n—-+oo g A4

Deduce that lim,,_, e Y H(f3 20, Uir1) = E(f(X)) a.s., when A, a.s. converges to A
such that P(s?(A.) > 0) = 1.

6. When A is deterministic, what hypothesis is missing to obtain a central limit theorem?






Appendix A

A proof of the central limit theorem for
martingales

The proof given here is a slightly adapted version of [Major(2013)].

Proof. We will need an extension of Lebesgue theorem (also known as Lebesgue theorem) which says
that if X, converge in probability! to X and |X,,| < X with E(X) < oo, then lim,_, .. E(X,) = E(X) (see
exercise 21 for a proof).

We denote by M) the locally in L> martingale Mj(-k> = M, /+/a(k) and by (M"¥) its bracket. Then
we introduce for each k£ > 0 the stopping time

rk:inf{jzo, (M®) >2c;2}, (A1)

The random variable 7y is a stopping time with respect to the o-algebras .%;, j > 0, since the random vari-
able (M) ;| is Z; measurable. Moreover P(limy_, o Ty = +o0) = 1, because P(7; > j) = P((M) 11 <
262a(k)) and a(k) tends to 4o when k goes to 4-oo. Now introduce, the stopped process M ¥ defined by

K] _ pg(k)
M =M;,, .

We can check that M¥) is a martingale bounded in L? as

(MW = (M®)y ;5 <267, (A2)

so E ((M[k])j) <20? <+ and E ((M[k]

i )2) <E <(M0(k))2) +202 < 4o0. So MW is an L2 martingale

whose braket can be computed as
AMWY; = ¥y, — MWy, | =F ((AMj[.k])zl yj_l) , where AM =M —p .

Note that we can rewrite the Lindeberg condition (2.5) as

k
nng;E ((AMJ ) I{IAMf-k>\28} e/]—]> = 0, in probability.
k k k
Moreover |AM}1| = 1, [AM}"] < [aM}1) so

k
i (k12 o o -
ngij;E ((AMJ ) 1{|AME_H28}‘J]_1> =0, in probability.

Iwhich is a weaker asumption than the almost surely convergence usually assumed.
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(K]\2
Now, as E <(AMj ) 1{|AM}”|28}

previous convergence and justifying it by the (extended) Lebesgue theorem (as (M [k])k < 20?) we obtain
a stronger Lindeberg condition for M &

9]-_1) <E ((AMJ[-k])Z‘ 91-_1) = A(M) ;. taking expectation in the

k
: (k]y2 _
ngrfmj;E ((AMJ. ) 1{|AM][-k]|>e}> =0. (A.3)

Now note that (M), = ﬁ(M )k, and, using hyphothesis (2.4), that

: . )
kngP(rk > k) = Jim P (M) <26%a(k)) =1.

So we have limy_, 1o (M [k]>k = 02, in probability. Now taking expectation and using again Lebesgue

theorem we get a stronger bracket condition for M 4]

- ) — g2
Jim E ((M >k) - (A

Now let S} = M,Ek) and S = M,Ek] = M,E/;)Tk for kK > 1. With these notation, we want to prove that Sy

converge in law to to a gaussian random variable. But S; — S converges in probability to 0 when k — oo
(since Sy = Sy if 7, > k and we have already seen that limy_, . P(7x > k) = 1.). So, using Slutsky’s
lemma, it remains to prove the convergence in probability of Sj to a gaussian random variable, i.e.

lim E(e"5%) = ¢’/ for all real numbers 7. (A.5)
—>00

And we will show that relation (A.5) follows from

’}im E(e"S+°Ue/2) = 1 for all real numbers t, (A.6)
—»00

where Uy = (M ["D - Since Uy converge in probability to o2 as k — oo, and 0 < Uy, < 202 for all k > 1 be-

cause of (A.2), we have that e/’%" > |¢/Us/2 _ 0°*/2

e ) with the right-hand side converging in probability

to 0 as k — oo. Hence, by the extended Lebesgue’s theorem, limy_,.. [E ( U2 _ 0?2 D =0. Since

’E <eit5k+t2Uk/2 _ ei[Sk+C72[2/2> ’ < E (

eitSk+12Uk/2 _ eitSk-i-oztz/zD E <

2 2,2
¢ Uk/z_ec t /ZD7

we deduce that Hence limkaE(e”Sk”zUk/ 2_ pitSi+o’t?/ 2) = 0. Formula (A.5) follows from this state-
ment if we can prove (A.6).

For this we first show that

. k
SAME) 2 ( eztAMj[. ]

k
‘E (eifsk+t2Uk/2) _1‘ SegthE ‘y]_l)_l‘ (A.7)
=

Indeed, let us introduce the random variables Sy ; = Mj[-k], Uk,j = (M W) j,for j>1and Sxo=0,U;o=0
for all indices k > 1. Then we have Sy x = Sk, Uy x = U, and

I
M»

E <eitSk+t2Uk/2 _ 1) E (eitSk1j+IzUk__i/2 _ eitSkﬁj,]Jrlek’j,]/Z)

~.
Il
_

. . k
Eellsk.j—l+t2Uk.j—1/2E |:<ettAMj[-]+t2A<M[k]>j/2 o 1‘ y171>:| .

|
M?V‘

~.
I
—_
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Since eifSki-1+°Uki-1/2 is bounded by €® ", it follows from the above identity that

i

k
)E (eitSk+t2Uk/2 _ 1) ) < o Z E ‘E (eizAMj[."]+z2A<M[kl>,-/z B 1‘ 9}1)
j=1

and as E (e”AMHH A7z _ 1‘9/ 1) — LA ME); o (e”AM/['k]
mate (A.7).

To prove formula (A 6) with the help of inequality (A.7) we have to give an estimate for
LMY 2 ( ) _ 1‘

2AMll
The expression e’ *AMY);/2 can be written in the form e AM")i/2 — 1 4 M + n,ﬁlj) with an ap-

propriate random variable nlglj) which satisfies the inequality |nk_ i< Ki(r)AM [k]> with some number

j,1> — 1, this implies the esti-

E

K (1) depending only on the parameter 7, because (M) ; <202 by formula (A.2). We can estimate the

expression
or
Fi-1 >

in a similar way. To do this let us fix a small number € € (0, 1], and show that the inequality

tz(AMj[.k] )?

o
77152} =E (g”AM./ —1+ 5

2 (K]\2
A o, P(AMT) K
M1 —iraml) ¢ e (M),
holds with ot(x) = 12x*1{y~¢} + %th]3x21{|x|§g}. 3In<:3leed, ™ — 1 —itx| = |— [ (x —y)r2e™dy| < 222 and
e — 1 —itx+ #\ = ‘—i I Mz‘3 ”ydy’ < M and we get the estimate by bounding the expression
e — 1 —itx+ ’25‘ x“ if |x| > € and by PP M < SM if |x| < &. Using that E(AM][.k]|9’j,l) =0

and taking the conditional expectation in the last 1nequahty with respect to .%;_| we get

|71/£2,)| <E ( 9}1)

SE( (AMM)) )<t2E<(AM/[‘k])21{|AM]W>e}

12 (AMJ[."] )?

ztAM []
—1- tAM
! 2

)
Fio1) + SIPAMH);

Since (M [k}> i < 202, both T],E 1]) and n,EZJ) are bounded random variables (with a bound depending only on

the parameter ¢), and the above estimates imply that
GOR
eamb); cAMb); o)
1 2
<M+ Ks(0) (I +In))

< Ka(t) <(A< m");)? +IE<( amly? Liam e}

LAY 2 (

y’,_]> +eA(MMy j> :

Let us take the expectation of the left-hand side and right-hand side expression in the last inequality and
sum up for all indices j > 1. The inequality obtained in such a way together with formula (A.7) imply
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that

=

|Eeit5k+l‘2Uk/2 1| < KS ( Z ( M[k 2) (AS)

E AM[k] 21 : E AMW .
L (@M1, )+ X BN )

To estimate the first sum at the right-hand side of (A.8) let us make the following estimate:

E{(A<M[k]>j)2} ZE{ [E<(AMJ['H)21{|AM[H|>£}'%1) +E<(AMM L <e }'yjlﬂz}

ng{E((AMJ[_k])Zl{AM 1) ’fjl }+2E{E ‘AM <e) ’fjl)z}
S2E{A<M[k]>jE<(AMJLk])21 jam >} }+ { ( [])21{‘AM/['H‘§8} yj_l>}

< 40’E <(AMJ[.]‘])21 {AMJWM}) +26°E <A<M[k]>j) :

Using this estimate and (A.8), we obtain

‘]Ell‘sk""luk/z 1‘<K6 (Z]E< Aml {‘AM })+SZE( ))

and relations (A.3), (A.4) imply formula (A.6). Thus we have proved the central limit theorem. ]
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