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Abstra
t

We give a probabilisti
 interpretation of a vis
ous s
alar 
onservation law in a bounded

interval thanks to a nonlinear martingale problem. The underlying nonlinear sto
hasti


pro
ess is re�e
ted at the boundary to take into a

ount the Diri
hlet 
onditions. After

proving uniqueness for the martingale problem, we show existen
e thanks to a propagation

of 
haos result. Indeed we exhibit a system of N intera
ting parti
les, the empiri
al measure

of whi
h 
onverges to the unique solution of the martingale problem as N ! +1. As a


onsequen
e, the solution of the vis
ous 
onservation law 
an be approximated thanks to

a numeri
al algorithm based on the simulation of the parti
le system. When this system

is dis
retized in time thanks to the Euler-Lépingle s
heme [10℄, we show that the rate of


onvergen
e of the error is in O(�t + 1=

p

N) where �t denotes the time step. Finally, we

give numeri
al results whi
h 
on�rm this theoreti
al rate.

Introdu
tion

We are interested in the following vis
ous s
alar 
onservation law with non homogeneous Diri
hlet

boundary 
onditions on the interval [0; 1℄ :
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:

�

�t

v(t; x) =

�

2

2

�

2

�x

2

v(t; x) �

�

�x

A(v(t; x));8(t; x) 2 (0;+1) � (0; 1)

8x 2 [0; 1℄; v(0; x) = v

0

(x);

8t � 0; v(t; 0) = 0 and v(t; 1) = 1;

(1)

We suppose that A : R �! R is a C

1

fun
tion and that the initial data v

0

is the 
umulative

distribution fun
tion of a probability measure U

0

on [0; 1℄, whi
h writes v

0

(x) =

R

x

0

U

0

(dy) =

H � U

0

(x) where H(y) = 1

fy�0g

denotes the Heaviside fun
tion.

When the vis
ous s
alar 
onservation law is posed in the spatial domain R instead of [0; 1℄, one


an show that its unique weak solution is equal to H � P

t

(x) where (P

t

)

t�0

denote the time-
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marginals of a probability measure P on the spa
e of 
ontinuous sample paths C([0;+1);R)


hara
terized by a martingale problem nonlinear in the sense of M
Kean [4℄ [8℄.

Here, we follow a similar approa
h. To take into a

ount the Diri
hlet boundary 
onditions, we

work with a di�usion pro
ess with re�e
tion. That is why we introdu
e (X;K) the 
anoni
al

pro
ess on the sample path spa
e C = C([0;+1); [0; 1℄) � C([0;+1);R) (endowed with the

topology of uniform 
onvergen
e on 
ompa
t sets). For P in the set P(C) of probability measures

on C, let (

�

P

t

)

t�0

denote the time-marginals of the probability measure

�

P on C([0;+1); [0; 1℄)

de�ned by

�

P = P ÆX

�1

. We asso
iate the following nonlinear problem with (1)

De�nition 0.1 A probability measure P 2 P(C) solves the martingale problem (MP ) starting

at U

0


 Æ

0

2 P([0; 1℄ � R), if

i) P Æ (X

0

;K

0

)

�1

= U

0


 Æ

0

ii) 8' 2 C

2

b

(R); '(X

t

�K

t

)�'(X

0

�K

0

)�

R

t

0

�

2

2

'

00

(X

s

�K

s

) +A

0

(H �

�

P

s

(X

s

))'

0

(X

s

�K

s

)ds

is a P martingale

iii) P a.s., 8t � 0;

R

t

0

djKj

s

< +1; jKj

t

=

R

t

0

1

f0;1g

(X

s

)djKj

s

and K

t

=

R

t

0

(1� 2X

s

)djKj

s

.

In the �rst se
tion, we prove that if P solves problem (MP ), then (t; x) ! H �

�

P

t

(x) is the unique

weak solution of (1). We dedu
e uniqueness for the martingale problem. Existen
e is obtained

thanks to a propagation of 
haos result for a system of weakly intera
ting di�usion pro
esses. In

se
tion 2, we dis
retize this system in time thanks to the version of the Euler s
heme introdu
ed

by Lépingle [10℄. This way, we derive a numeri
al method to approximate the solution of (1).

We prove a theoreti
al rate of 
onvergen
e in O(�t + 1=

p

N) whi
h is 
on�rmed by numeri
al

experiments. This rate is the same as the one obtained by Bossy [2℄ when the spatial domain is

R. The treatment of the re�e
tion by the Euler Lépingle s
heme does not alter the 
onvergen
e

whereas we exhibit a sublinear dependen
e on the time step �t in numeri
al experiments relying

on the 
ruder Euler proje
tion s
heme.

1 Probabilisti
 interpretation of the vis
ous s
alar 
onservation

law

1.1 Uniqueness for the martingale problem (MP ) and link with equation (1)

For Q

T

= (0; T )� (0; 1), let W

0;1

2

(Q

T

) and W

1;1

2

(Q

T

) denote the Hilbert spa
es with respe
tive

s
alar produ
ts (
f. [9℄)

(u; v)

W

0;1

2

(Q

T

)

=

R

Q

T

(uv + �

x

u�

x

v)dxdt;

(u; v)

W

1;1

2

(Q

T

)

=

R

Q

T

(uv + �

x

u�

x

v + �

t

u�

t

v)dxdt:

We introdu
e the Bana
h spa
e V

0;1

2

(Q

T

) = fu 2 W

0;1

2

(Q

T

) \ C((0; T ); L

2

(0; 1)) su
h that

kuk

V

0;1

2

(Q

T

)

= sup

0�t�T

ku(t; x)k

L

2

(0;1)

+ k�

x

uk

L

2

(Q

T

)

< +1g. The subspa
es of these three

spa
es 
onsisting in elements whi
h vanish on [0; T ℄�f0; 1g are respe
tively denoted by

Æ

W

0;1

2

(Q

T

),

Æ

W

1;1

2

(Q

T

),

Æ

V

0;1

2

(Q

T

).

We �rst prove uniqueness of weak solutions of problem (1) de�ned in the following way :
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De�nition 1.1 A weak solution of (1) is a fun
tion v : [0;+1) � [0; 1℄ ! R satisfying the

boundary 
onditions and su
h that for any T > 0, v 2 V

0;1

2

(Q

T

) \ L

1

(Q

T

) and for all � in

Æ

W

1;1

2

(Q

T

) and all t in [0; T ℄,

Z

1

0

v(t; x)�(t; x)dx =

Z

1

0

v

0

(x)�(0; x)dx +

Z

t

0

Z

1

0

�

�s

�(s; x)v(s; x)dxds

+

Z

t

0

Z

1

0

�

�x

�(s; x)A(v(s; x))dxds (2)

�

Z

t

0

Z

1

0

�

2

2

�

�x

�(s; x)

�

�x

v(s; x)dxds:

Lemma 1.2 Equation (1) has no more than one weak solution in the sense of De�nition 1.1.

The proof of Lemma 1.2 
an be found in [3℄. The di�eren
e w = v

1

� v

2

of two weak solutions is

a generalized solution in the sense of Ladyzenskaja, Solonnikov and Ural'
eva (
f. [9℄) of a linear

equation with uniformly bounded 
oe�
ients. We follow te
hniques from [9℄ 
hapter 3 to show

that kwk

V

0;1

2

(Q

T

)

= 0.

Next, we 
he
k that if P solves the martingale problem (MP ), then V (t; x) = H �

�

P

t

(x) is a

weak solution of (1).

Proposition 1.3 If P solves the martingale problem (MP ) starting at U

0


 Æ

0

, then V (t; x) =

H�

�

P

t

(x) is a weak solution of (1). Moreover, uniqueness holds for the martingale problem (MP ).

Sket
h of the proof : the fun
tion V (t; x) = H�

�

P

t

(x) is bounded by 1 and satis�es V (t; 1) = 1.

We 
he
k that V (t; 0) = 0 and that the fun
tion V belongs to V

0;1

2

(Q

T

) for any T > 0 thanks

to the following Lemma whi
h is dedu
ed from estimations of the density of the doubly re�e
ted

Brownian motion on [0; 1℄ by using Girsanov theorem.

Lemma 1.4 [3℄. If P solves the martingale problem (MP ) then for any t > 0,

�

P

t

has a density

�p

t

whi
h belongs to L

2

([0; 1℄) and k�p

t

k

L

2

([0;1℄)

� C

�

1 + t

�1=4

�

exp(Ct).

We still have to 
he
k that V satis�es the identity (2). By density it is enough to suppose that

the test fun
tion � is C

1

on [0; T ℄ � [0; 1℄ and satis�es �(t; 0) = �(t; 1) = 0 for all t 2 [0; T ℄.

We set  (t; x) =

R

x

0

�(t; y)dy. Then  is C

1

with

� 

�x

(t; 0) =

� 

�x

(t; 1) = 0. By De�nition 0.1 ii,

under the probability measure P ,

1

�

(X

t

�X

0

�K

t

�

R

t

0

A

0

(H �

�

P

s

(X

s

))ds) is a lo
al martingale

with quadrati
 variation t i.e. a Brownian motion. To dedu
e (2), we 
ompute  (t;X

t

) by It�'s

formula, take expe
tations in the obtained relation, use the equality �p

s

=

�V

�x

(s; :) and apply

Stieljes integration by parts formula in some of the spatial integrals.

Uniqueness for the martingale problem (MP ) is derived from the uniqueness result for problem

(1): if P and Q solve (MP ), then for any (t; x) 2 [0;+1)� R;H �

�

P

t

(x) = H �

�

Q

t

(x). Hen
e P

and Q solve a linear martingale problem with bounded drift term A

0

(H �

�

P

t

(x)) and by Girsanov

theorem, P = Q.

The probabilisti
 interpretation is 
ompleted by a propagation of 
haos result whi
h ensures

existen
e for problem (MP ).
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1.2 The propagation of 
haos result

The system of weakly intera
ting parti
les with normal re�e
ting boundary 
onditions is given

by the sto
hasti
 di�erential equation :

(

X

i;N

t

= X

i;N

0

+ �W

i

t

+

R

t

0

A

0

(H � ��

N

s

(X

i;N

s

))ds+K

i;N

t

jK

i;N

j

t

=

R

t

0

1

f0;1g

(X

i;N

s

)djK

i;N

j

s

; K

i;N

t

=

R

t

0

(1� 2X

i;N

s

)djK

i;N

j

s

; i � N

(3)

where ��

N

s

=

1

N

P

N

j=1

Æ

X

j;N

s

and (W

1

; : : : ;W

N

) is a N-dimensional Brownian motion independent

of the initial variables (X

1;N

0

; : : : ;X

N;N

0

) whi
h are I.I.D. with law U

0

.

As sup

[0;1℄

jA

0

(x)j is bounded, by Girsanov theorem, this equation admits a unique weak solution.

Theorem 1.5 The parti
le systems ((X

1;N

;K

1;N

); : : : ; (X

N;N

;K

N;N

)) are P -
haoti
 where P

denotes the unique solution of the martingale problem (MP ) starting at U

0


 Æ

0

i.e. for �xed

j 2 N

�

the law of ((X

1;N

;K

1;N

); : : : ; (X

j;N

;K

j;N

)) 
onverges weakly to P


j

as N ! +1 or

equivalently the empiri
al measures �

N


onsidered as P(C)-valued r.v. 
onverge in probability to

the 
onstant P .

As an easy 
onsequen
e, it is possible to approximate the weak solution V (t; x) = H �

�

P

t

(x) of

(1) thanks to the empiri
al 
umulative distribution fun
tion H � ��

N

t

(x) of the parti
le system.

More pre
isely,

Corollary 1.6 8(t; x) 2 [0;+1)� [0; 1℄; lim

N!+1

E jV (t; x)�H � ��

N

t

(x)j = 0.

The proof of Theorem 1.5 given in [3℄ follows the one given by Sznitman [11℄ Theorem 1.4 ex
ept

in the treatment of the dis
ontinuity of the Heaviside fun
tion. When possible, we take advantage

of the parti
ular form of our spatial domain (the interval [0; 1℄) to simplify the arguments.

2 Parti
le method

2.1 The algorithm and its theoreti
al 
onvergen
e rate

A

ording to Corollary 1.6, it is possible to approximate V (t; x) by the empiri
al 
umulative

distribution fun
tion H � ��

N

t

(x) =

1

N

P

N

j=1

H(x�X

j;N

t

) of the parti
le system (3). The parti
le

method 
onsists in simulating the parti
le system (3).

We dis
retize in time the N -dimensional sto
hasti
 di�erential equation (3) thanks to the version

of the Euler s
heme introdu
ed by Lépingle [10℄ whi
h mimi
s the re�e
tion at the boundary.

We 
hoose �t > 0 and L 2 N su
h that T = L�t and denote by Y

i

t

l

the position of the i-th

parti
le (1 � i � N) at the dis
retization time t

l

= l�t (0 � l � L). The Euler-Lépingle s
heme


onsists in setting 0 < �

0

< �

1

< 1 and in generating exa
t re�e
tion on the lower-boundary on

[t

l

; t

l+1

℄ when Y

i

t

l

� �

0

and exa
t re�e
tion on the upper-boundary on [t

l

; t

l+1

℄ when Y

i

t

l

� �

1

.

The other 
ases of re�e
tion are treated by proje
tion onto [0; 1℄. We invert the initial 
umulative

distribution fun
tion V

0

(x) = H � U

0

(x) to 
onstru
t the set of initial positions of the numeri
al

parti
les :

y

i

0

= inf

�

z : H � U

0

(z) �

i

N

�

for 1 � i � N: (4)

4



At time t

l

, the fun
tion V (t

l

; x) is approximated thanks to the empiri
al 
umulative distribution

fun
tion

V (t

l

; x) =

1

N

N

X

j=1

H(x� Y

j

t

l

)

and the su

essive positions of the ith parti
le are given indu
tively by

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

Y

i

t

0

= y

i

0

Y

i

t

l+1

= 0 _

�

Y

i

t

l

+ �(W

i

t

l+1

�W

i

t

l

) +A

0

(V (t

l

; Y

i

t

l

))�t+ C

i

l+1

�

^ 1

C

i

l+1

= ll

fY

i

t

l

��

0

g

sup

s2[t

l

;t

l+1

℄

�

Y

i

t

l

+ �(W

i

s

�W

i

t

l

) + (s� t

l

)A

0

(V (t

l

; Y

i

t

l

))

�

�

� ll

fY

i

t

l

��

1

g

sup

s2[t

l

;t

l+1

℄

�

Y

i

t

l

� 1 + �(W

i

s

�W

i

t

l

) + (s� t

l

)A

0

(V (t

l

; Y

i

t

l

))

�

+

:

(5)

Sin
e it is possible to simulate jointly the Brownian in
rement (W

i

t

l+1

�W

i

t

l

) and the 
orresponding

sup

s2[t

l

;t

l+1

℄

�

W

i

s

�W

i

t

l

+ (s� t

l

)a

�

where a is a real 
onstant (see [10℄), this dis
retization s
heme

is feasible.

To obtain the optimal rate of 
onvergen
e O(1=

p

N +�t) we strengthen our hypotheses :

(H)

8

>

<

>

:

v

0

2 C

2+�

([0; 1℄) (C

2

with v

00

0

Hölder 
ontinuous with exponent �) where � 2℄0; 1[;

�

2

v

00

0

(0) = 2A

0

(0)v

0

0

(0) and �

2

v

00

0

(1) = 2A

0

(1)v

0

0

(1);

A is a C

3

fun
tion.

These hypotheses are possibly too restri
tive but they avoid further 
ompli
ations of the already

te
hni
al proof. In parti
ular, under (H), the weak solution of (1) is a
tually a 
lassi
al solution :

Lemma 2.1 Under hypothesis (H), the solution V (t; x) = H�

�

P

t

(x) of (1) belongs to C

1;2

([0; T ℄�

[0; 1℄) and �

x

V (t; x) is Hölder 
ontinuous with exponent (1 + �)=2 in the time variable t on

[0; T ℄� [0; 1℄.

Our estimate of the 
onvergen
e rate of the parti
le method is the following one :

Theorem 2.2 Under hypothesis (H), there exists a stri
tly positive 
onstant C depending on

A;U

0

; T; �; �

0

and �

1

su
h that

80 � l � L; sup

x2[0;1℄

E jV (t

l

; x)� V (t

l

; x)j � C

�

1

p

N

+�t

�

:

The proof given in [3℄ follows the main ideas of Bossy [2℄ who deals with the 
onvergen
e rate

of a parti
le approximation for the solution of the s
alar 
onservation law with spatial domain

R similar to (1) even if some new di�
ulties arise in the present framework be
ause of the

re�e
tion. The nonlinearity of the problem prevents us to isolate the time dis
retization error

from the global error produ
ed by the algorithm. Nevertheless, the analysis of the weak error


orresponding to the dis
retization of the sto
hasti
 di�erential equation with normal re�e
tion

(

X

y

t

= y + �W

t

+

R

t

0

b(s;X

y

s

)ds+K

y

t

jK

y

j

t

=

R

t

0

ll

f0;1g

(X

y

s

)djK

y

j

s

; K

y

t

=

R

t

0

(1� 2X

y

s

)djK

y

j

s

5



by the Euler-Lépingle s
heme

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

e

X

y

t

0

= y

e

X

y

t

l+1

= 0 _

�

e

X

y

t

l

+ �(W

t

l+1

�W

t

l

) + b(t

l

;

e

X

y

t

l

)�t+ C

l+1

�

^ 1

C

l+1

= ll

f

e

X

y

t

l

��

0

g

sup

s2[t

l

;t

l+1

℄

�

e

X

y

t

l

+ �(W

s

�W

t

l

) + b(t

l

;

e

X

y

t

l

)(s� t

l

)

�

�

�ll

f

e

X

y

t

l

��

1

g

sup

s2[t

l

;t

l+1

℄

�

e

X

y

t

l

� 1 + �(W

s

�W

t

l

) + b(t

l

;

e

X

y

t

l

)(s� t

l

)

�

+

is an important step in the proof. Although limited to the 
ase of a 
onstant di�usion 
oe�
ient,

this study is also interesting by itself sin
e to our knowledge, the weak behaviour of the Euler-

Lépingle has not been investigated yet. Assuming a regularity 
ondition on the drift 
oe�
ient

b(s; x) whi
h is satis�ed by A

0

(V (s; x)) under hypothesis (H) (see Lemma 2.1), we upper-bound

the weak 
onvergen
e rate :

Proposition 2.3 Assume that b is C

1;2

on [0; T ℄ � [0; 1℄ and that for some 
 > 0, �

x

b(t; x) is

Hölder 
ontinuous with exponent 
 in t. Then there is a 
onstant C depending on �; T; b; �

0

; �

1

but not on x and �t su
h that when f : [0; 1℄ ! R is a fun
tion with bounded variation and m

denotes its distribution derivative,

8l � L;

�

�

�

E

�

f(X

y

t

l

)� f(

e

X

y

t

l

)

�

�

�

�

� C�t

Z

1

0

jmj(dx):

2.2 Numeri
al experiments

As a numeri
al ben
hmark, we 
onsider the following Diri
hlet problem for the vis
ous Burgers

equation whi
h 
orresponds to the 
hoi
e A(x) = x

2

=2 :

8

>

<

>

:

�

�t

v(t; x) =

�

2

v

�x

2

(t; x)� v(t; x)

�v

�x

(t; x); t > 0; x 2 [0; 2�℄

v(0; x) =

2 sin(x)


os(x) + e

; x 2 [0; 2�℄ and 8t � 0; v(t; 0) = 0; v(t; 2�) = 0;

(6)

The exa
t solution is (see [1℄) v(t; x) = 2 sin(x)=(
os(x) + e

(1+t)

):

The spatial domain [0; 2�℄ is di�erent from the one 
onsidered so far but our results remain true

for any bounded interval repla
ing [0; 1℄. The fa
t that the distribution derivative m

0

(x)dx of the

initial data v(0; x) given by m

0

(x) = (2 + 2e 
os(x))=(
os(x) + e)

2

is not a probability measure

but a bounded signed measure represents a more signi�
ant modi�
ation. In fa
t, we 
ould not

�nd any expli
it solution when v(0; :) is the 
umulative distribution fun
tion of a probability

measure.

To take into a

ount this modi�
ation, we use weighted parti
les (Y

i

t

l

; w

i

)

1�i�N

(see for instan
e

[8℄ whi
h deals with a spatial domain equal to R). The N initial lo
ations y

i

0

= inffy;H �

jm

0

j=km

0

k

L

1

([0;2�℄)

(y) =

i

N

g) are 
hosen in order to approximate the 
umulative distribution

fun
tion of the probability measure jm

0

j(x)dx=km

0

k

L

1

([0;2�℄)

and the 
orresponding weights are

w

i

= km

0

k

L

1

([0;2�℄)

sign(m

0

(y

i

0

)). The approximate solution is given by the weighted 
umulative

distribution fun
tion of the parti
le system V (t

l

; x) =

1

N

P

N

i=1

w

i

H(x�Y

i

t

l

) where the su

essive

positions are de�ned indu
tively by (5) but with ^1 (resp. �1) repla
ed by ^2� (resp. �2�) in

the se
ond (resp. last) line.

The parameters of Lépingle s
heme are �

0

= 0:25 and �

1

= 2��0:25. We have plotted on Figure

1 the numeri
al solution at time t = 1. As the dependen
e of the error on the number of parti
les

is standard and 
orresponds to the usual 
entral limit theorem rate (see [4℄[5℄[8℄ for numeri
al

6
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Figure 1: Exa
t and numeri
al solutions of (6) obtained at time t = 1, for 10

6

parti
les and

�t = 10

�2

with the Lépingle s
heme.

results in 
ase the spatial domain is R), we 
on
entrate our numeri
al study on the dependen
e

on the time step. That is why we take a large number of parti
les N = 10

6

. A

ording to

Theorem 2.2, Ekv(1; :) � V (1; :)k

L

1

([0;2�℄)

� 2� sup

x2[0;2�℄

E jv(1; x) � V (1; x)j � C(�t+N

�1=2

).

Sin
e it is not possible to 
ompute the last quantity, we 
ompute the �rst one by averaging

kv(1; :) � V (1; :)k

L

1

([0;2�℄)

over 20 runs of the parti
le method and give the dependen
e of the

result on �t in Table 1 and Figure 2.

We need to 
he
k that our test 
ase (6) produ
es a signi�
ant rate of e�e
tive re�e
tions. If this

rate is too small, we only observe the e�e
t of the 
lassi
al Euler s
heme (without re�e
tion)

with weak 
onvergen
e also in �t, and we 
annot 
on
lude on the 
onvergen
e of the Lépingle

s
heme. The rate of e�e
tive re�e
tions is around 10% for this test 
ase : more pre
isely there are

about 10% of the parti
les in [0; �

0

℄[ [�

1

; 2�℄ at ea
h time-step. For these parti
les, we 
ompute

the 
orre
tion term C in (5). When we dis
retize the parti
le system a

ording to the proje
ted

Euler s
heme, whi
h treats the re�e
tion simply by proje
tion onto [0; 1℄, we 
learly observe a

sublinear 
onvergen
e in �t (see Table 1 and Figure 2). The proje
ted Euler s
heme does not

use the 
orre
tion term C whatever the position of the parti
le and its weak 
onvergen
e rate is

in O(�t

1=2

), (see [6℄). Therefore we 
an 
on
lude that the quasi-linear de
reasing of the error

for the Lépingle s
heme 
on�rms our theoreti
al analysis.

�t Lépingle Con�den
e Proje
tion Con�den
e

s
heme interval at 95% s
heme interval at 95%

2

�1

0.0940 [0.0933,0.0946℄ 0.2510 [0.2501,0.2519℄

2

�2

0.0585 [0.0579,0.0591℄ 0.2320 [0.2309,0.2329℄

2

�3

0.0329 [0.0322,0.0336℄ 0.1964 [0.1953,0.1975℄

2

�4

0.0173 [0.0166,0.0180℄ 0.1568 [0.1557,0.1578℄

2

�5

0.0083 [0.0076,0.0090℄ 0.1241 [0.1227,0.1254℄

2

�6

0.0053 [0.0045,0.0060℄ 0.0982 [0.0969,0.0995℄

2

�7

0.0049 [0.0043,0.0055℄ 0.0779 [0.0765,0.0793℄

2

�8

0.0050 [0.0042,0.0058℄ 0.0635 [0.0627,0.0643℄

Table 1: Expe
tation of L

1

norm of error at t = 1 for N = 10

6

parti
les (kv(�; 1)k

L

1

([0;2�℄)

= 1:09)

7
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Figure 2: Ekv(�; 1) � V (�; 1)k

L
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(R)

in terms of �t (N = 10

6

).
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