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Abstra
t. We present in this arti
le a sto
hasti
 algorithm based mainly on [3℄

and [2℄ applied to the integration of the General Dynami
s Equation ( GDE ) for

aerosols . This algorithm is validated by 
omparison with an analyti
al solution of

a 
oagulation-
ondensation-evaporation model .

Introdu
tion

Aerosol dynami
s is a key issue in Atmospheri
 Modeling . Many aerosol

properties su
h as opti
al properties or health impa
t depend on the aerosol

size . Thus it appears important to modelize the size distribution of aerosols

and the physi
al pro
esses by whi
h aerosols are a�e
ted [8℄ : 
oagulation,


ondensation-evaporation and nu
leation .

Splitting is usually advo
ated in order to fo
us on ea
h pro
ess separately .

The behavior of a size distribution undergoing 
oagulation is modelized by the

Smolu
howski equation and referen
e solutions are only known for parti
ular

forms of 
oagulation kernels in a
ademi
 
ases [8℄ . The usually advo
ated

numeri
al methods are the so-
alled \size binning" algorithms . We refer for

instan
e to Stratton [9℄, Ja
obson [5℄ and Diaz [4℄ for more details . A major

drawba
k of su
h approa
hes is the la
k of 
onvergen
e results as pointed out

by Levin in [10℄ . The sear
h for a referen
e method is then ne
essary .

The arti
le is organized as follows . In �rst se
tion we qui
kly re
all the

GDE for atmospheri
 aerosols and we present the mass 
ow formulation .

We present our algorithm in se
ond se
tion . Some numeri
al tests are sum-

marized in third se
tion with a 
oagulation-
ondensation-evaporation model

for whi
h an analyti
al solution is available [7℄ .

?

APMS 
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1 General dynami
s equation and mass 
ow equation

1.1 General dynami
s equation

Let us �rst re
all the general dynami
 equation in its 
ontinuous version :
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where 
(x; t) dx represents the aerosol 
on
entration whose volume range be-

tween x and x+ dx at time t, x

0

is the smallest volume from whi
h an aerosol

be
omes stable, i.e. the volume of nu
leation, K(x; y) is the 
oagulation ker-

nel between an aerosol of volume x and an aerosol of volume y, I(x; t) is the


ondensation-evaporation kernel, positive in 
ase of 
ondensation and nega-

tive in 
ase of evaporation and J

0

(t) is the nu
leation rate, i.e. a number of

aerosols per air volume per se
onds .

In our 
ase, for atmospheri
 aerosols, the 
oagulation is mostly due to the

Brownian a
tivity and the 
ondensation-evaporation is a di�usion pro
ess

between aerosol and gas phases, therefore their respe
tive kernels are in the


ontinuous regime

1

:
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1
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+ y

1
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)

2

(xy)

1

3

; I(x; t) = 
(t)x

1

3

(2)

whereK is 
alled the Brownian 
onstant and 
(t) is related to the equilibrium

pro
esses between gas and aerosol phases .

The most natural idea to simulate 
oagulation with sto
hasti
 pro
esses is

to introdu
e numeri
al parti
les representing physi
al aerosol parti
les and

to let them 
oagulate . This kind of algorithm has been developped by Lush-

nikov [2℄ . The drawba
k of su
h algorithms is that the number of numeri
al

parti
les de
reases with time whereas they are valid in the limit of the total

number of parti
les going to in�nity . Numeri
al parti
les have then to be

added on the 
y, whi
h is not ne
essary easy to do in a rigorous way .

An alternative approa
h is to introdu
e numeri
al parti
les representing a

�xed volume of aerosol so that their number remains 
onstant . Su
h al-

gorithms were developped by Babovsky [1℄, Wagner and Eibe
k [3℄ for the

Smolu
howski equation (i.e. only 
oagulation ) in order to avoid the problem

raised above, and were 
alled \mass 
ow algorithm" sin
e they are derived

from the equation for the 
oagulation of the mass distribution .

1

That is to say when K

n

� 1, K

n

Knudsen number
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1.2 Mass 
ow equation

Let �(x; t) be the volume distribution

2

of aerosols, i.e. �(x; t) dx is the total

volume of aerosols whose volume ranges between x and x+ dx per air volume

. The volume distribution is related to the aerosol number distribution by

�(x; t) = 
(x; t)x . As we assume the spe
i�
 mass of aerosols to be 
onstant,

the mass distribution and volume distribution are merely proportional . The

total aerosol volume per air volume �

t

at time t is given by :

�

t

=

Z

+1

x

0

�(x; t) dx (3)

whi
h depends on time due to the 
ondensation-evaporation and nu
leation

pro
esses . �

0

is then the initial total aerosol volume . By multiplying (1) by

x

�

0

we get the mass 
ow equation :
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where ~�(x; t) =

�(x;t)

�

0

. The kernels to be taken into a

ount are now

K(x;y)

y

for 
oagulation,

I(x;t)

x

for 
ondensation and

J

0

(t)x

0

�

0

for nu
leation . This equa-

tion provides us the right way to develop a Mass 
ow algorithm for 
oupled


oagulation, 
ondensation and nu
leation .

2 Mass 
ow algorithm

2.1 General s
ope

The mass 
ow algorithm 
onsists in spreading the initial total aerosol volume

�

0

per air volume over numeri
al parti
les indexed by i, whi
h represent ea
h

one a �xed volume

�

0

P

0

where P

0

is then the initial number of numeri
al

parti
les 
hosen by the modelist . At time t

k

if y

k

i

denotes the size of the i

th

numeri
al parti
le then this one stands for

�

0

y

k

i

P

0

aerosols of volume y

k

i

. As

�

t

may vary with time the number of numeri
al parti
les may also vary . Let

P

k

be the number of numeri
al parti
les at time t

k

. Thus the total volume

2

As we assume the spe
i�
 mass of aerosols to be 
onstant, i.e. time and volume

independent, there is equivalen
e between volume and mass distribution .
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and 
on
entration of aerosols per air volume at time t

k

are respe
tively given

by :
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=
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(5)

Thus we see that in 
ase of pure 
oagulation the number of numeri
al parti
les

has to be 
onserved in our algorithm on the 
ontrary to the various algorithms

of Lushnikov [2℄ . In 
ase of pure 
ondensation-evaporation C

k

should be


onserved, whi
h means in term of probability that the average of C

k

has to

be C

0

.

The algorithm is then the following one for one time period [0; T ℄ :

1. Monte Carlo loop ( labelled by 1 � m
 �MC ) .

The Monte Carlo pro
ess is valid in the limit of the number of experiments

going to in�nity .

� Initialization . (2.1.1)

Cal
ulation of the initial state of the system (y

0

i

; i = 1; : : : ; P

0

) .

� Time loop : [0; T ℄

{ Choi
e of a time step �

k

. (2.1.2)

�

k

is randomly 
al
ulated a

ording to the state of the system at

time t

k

: ( y

k

i

; i = 1; : : : ; P

k

) .

{ Cal
ulation of the state of the system at time t

k+1

= t

k

+ �

k

:

( y

k+1

i

; i = 1; : : : ; P

k+1

) (2.1.3)

� Integration of both sto
hasti
 jump and non-
onservative terms

of (4) .

� Integration of the 
onservative term of (4) .

{ Rebuilding of the size distribution : 


m


(x; t

e

k

) for some times t

e

k


hosen within [0; T ℄ . (2.1.4)

2. Average of 
on
entrations.

At the end of the Monte Carlo loop, we 
al
ulate the average 
on
entra-

tion over the MC experiments :


(x; t

e

k

) =

1

MC

MC

X

m
=1




m


(x; t

e

k

) (6)

We now give some details for ea
h step .

2.1.1 Initialization This step 
onsists in assigning to ea
h numeri
al par-

ti
le i an initial size y

0

i

a

ording to the initial volume distribution x 7! �

0

(x)

. This step 
an be performed :

� either by generating the y

0

i

independently a

ording to the probability

density :

x 7! ~�

0

(x) =

�

0

(x)

�

0

(7)
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� or by using a deterministi
 initialization based on the asso
iated 
umu-

lative distribution fun
tion :

y

0

i

= inf( x =

Z

x

0

~�

0

(y) dy �

2i� 1

2P

0

) (8)

2.1.2 Cal
ulation of a time step The state of the system is 
onstant

over ea
h interval [t

k

; t

k+1

[ ( de�nition of sto
hasti
 jump pro
ess ) .

In this sto
hasti
 algorithm the time step �

k

is randomly generated a

ording

to the exponential law ( density p(s) = �

k

exp(��

k

s)1

s�0

) with parameter

�

k

related to the various physi
al pro
esses and the state of the system at

time t

k

:

�

k

=

J

0

(t

k

)x

0

�

0

| {z }

nu
leation

+

P

k

X

i=1

jI(t

k

; y

k

i

)j

y

k

i

| {z }


ondensation

+

�

0

P

0

P

k

X

i;j=1

K(y

k

i

; y

k

j

)

y

k

j

| {z }


oagulation

(9)

Let us pre
ise the dimensions of ea
h quantity . As the dimension of the

aerosol distribution 
(x; t) is

3

V

�1

sol

V

�1

air

one 
an 
he
k with (4) that the di-

mensions of K(y

k

i

; y

k

j

), I(t

k

; y

k

i

) and J

0

(t

k

) are respe
tively V

air

s

�1

, V

sol

s

�1

and V

�1

air

s

�1

. �

k

is thus expressed in se


�1

. Let us re
all that the mean

value of su
h a law is

1

�

k

while its varian
e is

1

�

2

k

. The average time step of

integration is thus

1

�

k

.

The numeri
al 
ost of the 
omputation of �

k

is in O(P

2

k

) be
ause of the 
oag-

ulation term . It 
an be redu
ed in 
ase the 
oagulation kernel is fa
torizable

or by using a fa
torizable upper bound ( see A ) .

2.1.3 Cal
ulation of the state at time t

k+1

This step 
onsists in 
om-

puting the new values y

k+1

i

of ea
h numeri
al parti
les . Equation (4) makes

appear a sto
hasti
 jump, 
onservative and non 
onservative terms whi
h are

su

essively integrated in the algorithm .

1. Integration of the so
hasti
 jump and non 
onservative terms :

� Choi
e of a physi
al pro
ess .

One physi
al pro
ess is randomly 
hosen at ea
h time step among 
o-

agulation, 
ondensation and nu
leation a

ording to their respe
tive

weights in the expression of �

k

(9) .

� Updating of the 
hosen physi
al pro
ess .

{ If nu
leation is 
hosen, then a new numeri
al parti
le is 
reated

with the value x

0

, i.e. P

k+1

= P

k

+ 1 and y

k

P

k+1

= x

0

.

3

where V

sol

stands for an aerosol volume ( �m

3

) and V

air

stands for an air volume

( m

3

) .
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{ If 
ondensation is 
hosen, then a numeri
al parti
le is randomly


hosen a

ording to the probability law :

℄

i

=

jI(t

k

;y

k

i

)j

y

k

i

P

P

k

j=1

jI(t

k

;y

k

j

)j

y

k

j

(10)

Let i be the numeri
al parti
le 
hosen,

� if I(t

k

; y

k

i

) > 0 a new numeri
al parti
le is 
reated with the

value y

k

i

, i.e. P

k+1

= P

k

+ 1 and y

k

P

k+1

= y

k

i

.

� if I(t

k

; y

k

i

) < 0 the i

th

numeri
al parti
le is removed, i.e.

P

k+1

= P

k

� 1 .

{ If 
oagulation is 
hosen, then one pair (i; j) of numeri
al parti
les

is randomly 
hosen with the probability law :

℄

i;j

=

K(y

k

i

;y

k

j

)

y

k

j

P

P

k

m;l=1

K(y

k

m

;y

k

l

)

y

k

l

(11)

This probability law 
an be simpli�ed for some parti
ular forms

of the 
oagulation kernel ( see A) . Then we update 
oagulation

on the 
hosen pair by :

y

k

i

+ y

k

j

�! y

k

i

(12)

y

k

j

�! y

k

j

(13)

Let us noti
e that the 
oagulation between two numeri
al parti-


les no longer represents the physi
al 
oagulation between aerosols.

Indeed (12) means roughly that we have repla
ed

1

y

k

i

aerosols of

volume y

k

i

by

1

y

k

i

+y

k

j

aerosols of volume y

k

i

+ y

k

j

whi
h are the

result of the 
oagulation between aerosols of the i

th

and j

th

nu-

meri
al parti
les . As 
oagulation 
onserves volume, the number

of numeri
al parti
les remains un
hanged, P

k+1

= P

k

.

2. Integration of the 
onservative term : This step 
onsists in integrat-

ing the following system on the time step �

k

:

i = 1; : : : ; P

k+1

; y

i

(t = 0) = y

k

i

_y

i

= I(t; y

i

(t))

and y

k+1

i

= y

i

(t = �

k

)

(14)

When there is evaporation we have to 
he
k that all numeri
al parti
les

are beyond the stable aerosol volume, i.e. the nu
leation volume : for

i = 1; : : : ; P

k+1

, if y

k+1

i

< x

0

the i

th

numeri
al parti
le is removed . In

the general 
ase we have to use a numeri
al solver for this ODE . In our


ase we have an analyti
al solution sin
e I(t; x) = 
(t)x

1

3

.
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2.1.4 Cal
ulation of 
on
entrations Let t

e

k

; k = 1; : : : ; k

max

be an ar-

ray of times distributed within the period of the experiment [0; T ℄ . This step

is the opposite of initialization, we look for 
al
ulating 


m


(x; t

e

k

) a

ording

to the values of the numeri
al parti
les at time t

e

k

. The state of the system is

known only at the randomly generated instants t

k

. The state of the system at

time t

e

k

is approximated by the one at t

I

de�ned by I = inf( i = t

e

k

< t

i+1

),

then the 
on
entration and volume distribution are respe
tively given by :




m


(x; t

e

k

) =

�

0

P

0

P

I

X

j=1

1

y

I

j

Æ

(y

I

j

;x)

; v

m


(x; t

e

k

) =

�

0

P

0

P

I

X

j=1

Æ

(y

I

j

;x)

(15)

To approximate the 
ontinuous distribution from this linear 
ombination of

Dira
 masses, we divide the size spe
trum into bins B

j

= [x

�

j

; x

+

j

[

4

, and we

a
tually 
al
ulate

C

th

j

(t

e

k

) =

Z

x

+

j

x

�

j


(x; t

I

) dx ; V

th

j

(t

e

k

) =

Z

x

+

j

x

�

j

x
(x; t

I

) dx (16)

Then C

j

(t

e

k

) and V

j

(t

e

k

) are numeri
ally given by :

C

num

j

(t

e

k

) =

�

0

P

0

P

I

X

i=1

1

y

I

i

Æ

(y

I

i

2B

j

)

; V

num

j

(t

e

k

) =

�

0

P

0

P

I

X

i=1

Æ

(y

I

i

2B

j

)

(17)

3 Some numeri
al tests

3.1 Numeri
al set up

In order to test this algorithm we have 
hosen kernels and initial 
onditions

for whi
h there exits an analyti
al solution .

The aerosol population is 
hara
terized at the initial time by :

x � 0 ; 
(t = 0; x) =




0

�

exp(�

x

�

) (18)

where � is a typi
al aerosol volume, and 


0

is the initial total 
on
entration

of aerosols . We assume the aerosol population to undergo only 
onstant


oagulation and linear 
ondensation :

K(x; y) = K ; I(t; x) = 
x ; 
 > 0 (19)

A

ording to these assumptions the analyti
al solution is then [7℄ [6℄ :


(x; t) =

(M

0

(t))

2

M

1

(t)

exp(�x

M

0

(t)

M

1

(t)

) (20)

4

x

�

j

and x

+

j

are the lower and upper boundary of bin B

j
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where M

0

(t) and M

1

(t) are the �rst two moments of the size distribution,

i.e. respe
tively the total aerosol number and the total aerosol volume :

M

0

(t) =




0

1 +

t

�




; M

1

(t) = 


0

� exp(

t

�

d

) (21)

Where�




=

2

K


0

and �

d

=

1




are respe
tively the 
oagulation and 
ondensation


hara
teristi
 times .

We 
he
k this algorithm in the 
ase when the 
ontribution of both 
oagulation

and 
ondensation remain of the same order, i.e. when their 
hara
teristi


times are 
omparable . The 
onstant 
oagulation kernel is 
hosen equal to

the Brownian 
onstant :

K =

2k

b

T

3�

= 1; 606:10

�16

m

3

s

�1

(22)

with k

b

= 1; 381:10

�23

JK

�1

( Boltzmann's 
onstant ), T = 300 K ( tem-

perature ), � = 1; 72:10

�4

g
m

�1

s

�1

( dynami
 vis
osity of air ) . With




0

= 10

12

aerosols=m

3

the 
hara
terisiti
 time of 
oagulation is then :

�




=' 12500s (23)

We 
hoose 
 = 0:0001 s

�1

so that �

d

= 10000s although this may not be a

physi
al time for 
ondensation .

3.2 Cal
ulation of errors

Let 


num

(x; t) be the solution given by the algorithm at any time t . The two

errors of interest are the error on the number distribution and the error on

the volume distribution :

err

n

=

1

T

Z

T

0

Z

+1

0

j


num

(x; t) � 


th

(x; t)j dx dt (24)

err

v

=

1

T

Z

T

0

Z

+1

0

jv

num

(x; t)� v

th

(x; t)j dx dt (25)

In se
tion 2.1.4 we have seen that 


num

(x; t) 
annot be dire
tly obtained for

any x value . Then we approximate (24) by

err

n

=

1

T

kt

X

k=0

�t

k

+1

X

i=1

j(C

num

i

� C

th

i

)(t

e

k

)j (26)

err

v

=

1

T

kt

X

k=0

�t

k

+1

X

i=1

j(V

num

i

� V

th

i

)(t

e

k

)j ; �t

k

= t

e

k+1

� t

e

k

(27)
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3.3 Some results

Figure 1 shows the evolution of the volume distribution in the 
ase of 
onstant


oagulation and linear 
ondensation with 100 Monte Carlo experiments and

1000 initial numeri
al parti
les over the time period T = 10000s . The relative

error at T = 10000s is 2:25% .
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M

−
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]

numerical volume distribution, t=0s

exact volume distribution, t=0s

numerical volume distribution, t=10000s

exact volume distribution, t=10000s

Fig. 1. Evolution of the volume distribution in the 
ase of 
onstant 
oagulation

and linear 
ondensation, MC=100 .

Figures 2 and 3 show respe
tively the behavior of the relative errors

err

n

R

1

0


(T; x) dx

;

err

v

R

1

0

v(T; x) dx

(28)

for various number of Monte Carlo experiments MC and various numbers of

numeri
al parti
le P , in the 
ase of pure 
oagulation . We see roughly that

for a given a

ura
y the produ
t MC � P remains 
onstant, furthermore as

the CPU time is proportional to MC � P

2

a good strategy seems to take a

small number of parti
les .

Figures 4 and 5 show that the errors de
rease as

1

p

P

with the total number of

parti
les P : this seems to point out the existen
e of a 
entral limit theorem

asso
iated with the 
onvergen
e as P !1 .
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Fig. 2. Relative error on the total number

of aerosols per air volume, for 
onstant


oagulation .
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Fig. 3. Relative error on the total volume

of aerosol per air volume, for 
onstant 
o-

agulation .
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Fig. 4. Logarithm of the relative error on

the total number of aerosols per air vol-

ume, for 
onstant 
oagulation .
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Fig. 5. Logarithm of the relative error on

the total volume of aerosols per air vol-

ume, for 
onstant 
oagulation .

Con
lusion

We have used a sto
hasti
 model for simulating the GDE for atmospheri


aerosols . This algorithm provides a referen
e for testing numeri
al algorithms

devoted to the integration of the GDE . By using appropriate numeri
al

strategies ( auto
y
ling ), a small number of parti
les ( 1000 ) may ensure a

good a

ura
y .
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A Fa
torization of the 
oagulation term

If the 
oagulation kernel 
an be fa
torized in K(y

i

; y

j

) = f(y

i

)f(y

j

), then the

probability law (11) 
an be fa
torized in two independent probability laws,

one for i and one for j :

f(y

i

)

P

m

f(y

m

)

;

f(y

j

)

y

j

P

l

f(y

l

)

y

l

(29)

whi
h redu
es to O(P

k

) the numeri
al 
ost of (11) as well as the 
ost of the


omputation of �

k

.

Unfortunately the various 
oagulation kernels for aerosols [8℄ 
annot be fa
-

torized, in this 
ase one may �nd a fun
tion h so that :K(y

i

; y

j

) � h(y

i

)h(y

j

),

i and j are then 
hosen (29) in whi
h f is repla
ed by h . To take into a

ount

the gap

5

between K(y

i

; y

j

) and h(y

i

)h(y

j

) , we generate a random number u

uniformly over [0; 1℄ and we update 
oagulation if only u �

K(y

i

;y

j

)

h(y

i

)h(y

j

)

.
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